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PREFACE 


This book is intended to present a complete course of 
Intermediate Co-ordinate Geometry according to the revised 
syllabus of the Punjab University for Intermediate Classes 
in Co-ordinate Geometry. 

The authors do not claim any originality about the subject 
matter but have tried to put the subject in a most presentable 
form in the light of their long teaching experience. 

The book has been thoroughly revised. Answers have been 
checked. A set of Miscellaneous examples has been added at 
the end of the book for good students. The authors hope that 
the book will meet the need of all types of students particularly 
the average student. A new chapter on Hyperbola has been 
added at the end of the book. 

The authors acknowledge their indebtedness to several 
standard books on Co-ordinate Geometry which were freely 
consulted during the preparation of the book. Suggestions 
and criticisms for improvement of the book from fellow 
teachers will be most cordially received. 


Ambala Gantt. 
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is hoped that in its present form the book will prove more 
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it is hoped that there will be very few errors. 
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CHAPTER I 


CO-ORDINATES 

1 1. Co-ordinate Geometry is a method of proving 
geometrical theorems by algebraical processes. If we limit our 
eonsiderations to the study of figures in a plane, the position of 
a point is determined by its distances from two fixed lines in the 
plane. These distances can be measured numerically in terms 
of a given unit or may be denoted by algebraical symbols 
called the co-ordinates of the point. 

1.2. Cartesian Co-ordinates. Let X'OX and be 

two fixed straight lines at right angles to one another. X'OX 
is drawn from left to right and Y'OY upwards. These are 
called Co-ordinate axes. 

The point O is called the origin of co ordinates or simply 
the origin. 

The position of any point 
P in the plane of paper is 
determined by the distances 
MP and NP from the axes. 

These distances are called the 
co-ordinates of the point P. 

ON the distance of P, from 
OY parallel to OX is called the 

abscissa or x co-ordinate of P 

and is denoted by x, NP the dis¬ 
tance of P, from OX parallel to 
OY is called the ordinate or Y co-ordinate of P and is denoted 
by y. If the co-ordinates of a point P are I and m units respec¬ 
tively, then at the point P, x—l and y=6. The point P in this 
case is briefly referred to as the point {I, m), I being the abcissa 
and m the ordinate of the point. The co-ordinates are called 
Cartesian after the French mathematician Rene Descartes 
(1596 — 1650) who used them in his treatise on Geometry (1637). 
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1,21^ Signs of Cartesian Co-ordinates. The straight lines 

X'OX and Y'OY divide the plane 
into four parts. Each part is 
called a quadrant. The quadrants 
XOY, YOX', X'OY' and Y'OX are 
I'espectively called the first, second, 
third and fourth qua-drants, 

X Since the distances measured 

along or parallel to OX and OY 
are considered positive and those 
measured along or‘parallel to' OX' 
and OY' are considered negative it 
folloAvs that : 

(/ ) fdi’ a ])oint in the fird quadrant both the abscissa and 
the (trdiniitc are positive ; {'ii) for a point in the seco7id 

qua.irant, the alxdssa is negative and the ordinate is positive ; 

{Hi) fora point in the quadrant both the abscissa 

and tiie ordinate are negative’, and 

Hr) for a point in the fourth quadrant the abscissa is 
pnsifirr aial llic ordinate negative. 

It slmuid be noted that tlie sign of the co.oidinates 
detorini^u s the fiuaflrant in which a point lies. Thus a point 
{ — '2, di in the second quadrant and (-: —3) lies m the 

fonrl h. 

1.22 Plotting of Points. To plot a point whose co- 
or.iiiiat. s are (/. ni) the following method is followed : 

'I’aUc a niimher of units ecpial to I along OX or OX 
a,.,.,,rd,n'' a.. / is positive nr negative and then from the 
point ..o .i.g. rmiiiod uiea^iue off a immher of imits equal to 
III pinlli l to N'-ix's ill the clircetio'i of 0\ or 0\ according 

ii" r/i i' p">iti\f' VO' negative. 

It .dioiild he rcmcmhcrcd that tlie co-ordinates of the 

oiiL'iii atv (O. O); the ordinalc of any point on .r-axis is zero; 

and tic aliscissa of any point on y-axi.s is zero. 
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a 

Exercise I (a) 

; ,1. Plot the following points ; . 

(3, 7) ; (-4, 5) ; (2, 0) : (0, -7) ; (-4, -5) ; (-6, 0). 

2 Construct the quadrilateral whose vertices are 
., ■ ■ (2, 5) ; (7, 0) ; (-5, 0) ; (-4, —7) 

3. The sides of a right-angled triangle are a and b. 
Takin<> these sides as the axes of co-ordinates, find the 
co-ordinates of the vertices. 

1.3. Distance between two given points. 

Let F{x^y^] and Q(xw 2 ) be the two given points. Draw 
P‘M and QN perpendi¬ 
culars to OX and PR- 
perpendicular to NQ. 

Now OM = :ri, 

MP = Vi» ON—, 1-0 and 

From the right-ansrled 

A PKQ 

we have PQ‘^ = P-R^-)-RQ^ 

But PR=:MN = ON- OM 

and RQ=NQ-]SIR 

= 1*2—th 

PQ2 = (a;, — .t,) 8 a-{?/., — ?/j)2 

or PQ=.y (^2 —■^■i)"+( 2 / 2 -yi)* 

’ * 

Cor. The distance of the point Q (Xo. ^ 2 ^ from the origin 
O (0, 0) is obtained by putting a:i=0 and yi=0 in the above 

formula and is 

Note. It must be remembered that the formulae of 
co-ordinate geometry are all general. They hold true for 
points situated in any quadrant provided that the proper 
• signs are alwavs affixed to the numerical values of the 
co-ordinates when they are introduced. 
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The required distance = v { “i- 

= y'36+64 

Exaipple 2. Show that the points 
3, 1) are the vertices of a square. 


(- 7 ) } { ^ 2 
10 . 

(0,-2), (3,1), ('0,4) and 

(P.U. 1936) 


Plotting the points roughly 
u e see that the vertices are ; 

A(0,-2); B (.3, 1) : C(0, 4) ; 

1 ). 

Now 

AB=^ / (0—3)--!-(-2—1)^ 

= x/T8~ 

AC = x/(;i-0)2-f (1-4)^ . 

= V18 

CD = v^'{_^{-3i }2+ 
{4-1!-'^ = V18 
DA = V(-3—0)*-l- { l-(-2) }'*=a/18 

AB=BC=CD=DA. 

Also AC*=(0-0)2-f(-2-4)2=36. 

But AB2-fBC2=18-f 18 = 36. 

AC2=AB2-l-BC® 

Z ABC = 90 

Hence ABCD is a square. 

Exercise I (b) 

1. Find the distance between the following pairs of 
points : 

(i) (—2, 1) and ( — 6, —2) (I’t) (1. —1) and ( — 2, 1) 

{Hi) (3, 4) and (2. —2) {ir) (a, b) and (—6, a) 

(v) {a+b), (r + a) and (c-fa, b + r) 

(vi) (a cos a, a sin a) and (a cos p, (a sin ^,) 

2. Show that the points (3. 0), (6, 4) and ( — 1, 3) are the 
vertices of a right-angled triangle. 

3. Show that the point (2, —1) is equidistant from the 
three points (2, 4), (5, 3) and 6, 2). 
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4. Show that the four points (5, 2) (3, 7), (— 1, 4) and 
(1, — 1) taken in order are the angular points of a parallelogram. 

5. Prove that the points (—1, 0), (0, 3), (3, 2) and (2, —1) 
are at the corners of a square. 

6 Prove that the points (0, —1) ; (2, 1) ; (0, 3) and 

( — 2, 1) are the vertices of a square. (P. C7, 1944) 

7. Show that the points ( — 3, 4), (—2, 0), (1, 5) are 

equidistant from the point ( —|). 

8. If the point {x^ y) is equidistant from the points 

(2, 3) and (3, 2) prove that x~y, 

9. If the point y) is at a distance 5 from the point 
(2, 3) show that 

x^-\-y^ — Ax—6y —12 0 . 

10. If the distance of the point (x^ 7 /) from (a, o) be 

(a-f rr), prove that y^= 4 :ax, 

1 . 4 .^ To find the co~ or dinettes of a po^nt which divides the 
line joining Uvo given points in a given ratio infernally. 


Let P and Q {x^yf) be 
the given points and let R \x, y) 
be the point which divides PQ 
internally in the ratio m : n. 

Draw PL, QM and RN 
perpendiculars to OX and HRK 
I to OX meeting LP produced in 
H and MQ in K as in the figure. 

The triangles PRH and QRK 
are similar. O L N M 



« 

HR 

PH 

PR m 



« # 

RK 

i\Q 

RQ 

• 

n 


Now HR = 

= ON 

-OL= 

-x~- Xi 

RK 

= OM- 

-ON =x 2 ~-x 

PH= 

=NR 

-LP= 

' M 

1 

Sl 

i 1 

KQ= 

= MQ- 

-NR=2/2—z/. 

. X - 

m 9 — 

_ 

y-i/\ 

_ m 




X 2 - 

-X 

Vz—y 

n 




nx- 

-nx^ = 

—mx<, - 

- mx 







H (3c^)R 



a(xp^> 


K 



* 
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inx2+nxi 

or x=-- —^ ; y 

m+n 


my2 ~f nyi 
m+n. 


Cor. The co-ordinates of the middle point of P,Q are 
given by x =--• ; 


H 


1.41. To, find the co-ordinates of the which divides 

the line joining tK'o given points externally in a given ratio. 

Let P (X|, yf) and 
3 / 2 ) tf® fhe two 
given points. 

Let R (x, y) be 
the required point 
which divides PQ 
f .r tern ally in the ratio 
Tti : n . 

Draw PL, QM 
and RN perpendicu¬ 
lars to OX. Through 
R draw RKH paraliel 
to OX meeting MQ and LP (both produced) in K and H 
resjiecti v»‘ly. 


Y 

I 

- : 

a 


^ s J ^ 

■ 


P 




0 

L y\ ' 

N X 


Fr'»m similar triangles PRH and 

HR ^ 

KR QR n 

But HR-LX-OX-OL=x-Xi 

KR -. :\1X-0X - OM-=.r - x, 

- 

A# ' 





M'e 




* * 


X — X. 


n 


nx^ — rnx — 


• 4. O 


i.r. nx • 
or .r( tn - .r) = ntx^ — nx^ 

WX.y 

' 

in 


nx 

ft 


*Similarlv v — 


m if 




m—n 
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Note.— The formiilae for external divisiQM.. 

•of two points may be deduced from th^ formul. 
division by changing n into -n, for in this case, PR and 

PR_ m 

in the opposite directions and /. —n 

Examnle 1. Find the co-ordinates af a pohit winch divides 

the line jailing the points (-2,-5) and (6 9) (i) mlernally ^n 

ihe ratio 2:3; (ii) externally in the ratio 3:1. 

Let (x, y) be the co ordinates of the point of division. 


Then 

(i) X- 


y 


2x6-H3(-2) 

6 

■' 2-i-3 

5 

2x943( - 5)_ 

3 

.. 2-i-3,. 

0 . 


(-1,-5) 


16 . 9 ; 



the required point is ( 5 ’ 5> 


• 



{ii) X 


3x6 


l(-2) 


3—1 


y 


27 - 1{- 
3-i 


5). 


20 

2 

32 

9 


10 


16 


Example 2. Find the co-ordinates of the 
the line joining the points ( — 2, —5) and {6,9). 


/, the required point is (10, 16). 

middle point of 


If {x, y) be the middle point, 

-24-6 „ ^549 

= : 2 =2-> y = 


X 


2 


2 . 




.% the middle point is (2, 2). 


Example 3. In what ratio does the point (-7-, -7-) divide the 
line joining the point {1, 3) and (2, 7) ? * 






















8 


CO-ORDINATE GEOMETRY 


Let the required ratio be 

niy : Wg 

. 10 2 w. +m^ 

• • ~ --—-- 

^ Wi+W?2 

or 10 wi4-10w 2= 14^1-f-T/Wo. 

*■ -prf 

or 4w. = 3?w.. * ^ 

Hence the required ratio is 3 : 4. 

Example 4. To show that the medians of a triangle are con- 

current. 



Let the vertices of the triangles 
*^ 2 ); f (*^3* Vz^' 


Let D be the middle 
point of BC so that its co¬ 
ordinates are. 


ABC be A (.r^ 


yi)r 


( >^2 + ^3 + 

V 2 ■ 2 7 





If G(.r, y) is any point on AD such that AG 
we have 


c (xs.yij 


GD=2: 1, 




• P 


X — 


KC,, .1 


• 2+1 

3 


M!*,) +!(,.) 

-. z/=—^ 


2/ = 


2 + 1 

I/i 4- t/ 2 + Vz 
3 


\Vc observe that the co-ordinates of the point G, which 
di\*i(]es the median AD in the i^atio 2 : 1, are symmetrical in 
the co-ordinates of the vertices of the triangle (i.e.. remain 
uru hanged if .r^ is changed into ^ 2 . x^ to Xq and - to and 
siniil irly al>oiit the three ^/s). This shows that the co-ordinates 
of the points which divide the other two medians in the 

ratio 2 : 1 are the same as those of G, i.e. G lies on each 

« 

median. 

Hence the three medians are concurrent. 
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Note. —The point G is called the centroid of the triangle and! 

Ite co-ordinates are 

Example 5. To shoiv that the internal bisectors oj the 
jangles of a triangle are concurrent. {P.U. 1944) 

Let the vertices of the triangle ABC be A (a:i, 2 / 2 )?- 

Cix^^yf) ^^d let the 
lengths of the sides 
Bcr CA, AB be a, 
b, c. Let AD, the 
bisector of the 

_ 

in i). 

From geometry we know that the bisector AD divides 
the base BC in the ratio of the sides AB and AC. 

. BP __ AB c 
DC AC ' b 

i.e., ’ D divides BC interna 113 ^ in the ratio c : b, 

A the point D is 

x.^^bx^ cyQ+b i/^\ 

c+b J 



^C.V3 


V c + b 

Let the bisector of the angle B meet AD in the point I, 


Now 


DC 




BD 
DC+CD b 


b 

c 


or 


c 


BD 


• * 


BD = 


c 

ac 


or 


DC 

BD 

a 

BD 


1== —4-1 


b + c 


As tne bisector BI of the angle B divides the 
in the ratio of the sides AB and BD, we have 

AI BA c 64-c 


base AD 


ID BD 


ac 


a 


b + c 


i,e,y I divides AD internally in the ratio b+c \ d. 



I 



















ao 


co-ordinate geometry 


, The point I is 

^ (6-rc)-|-a 


) + a(.ri) (^ + c)(^^:^)+«(2/i) 


(6 “h ~\r^ 



ax\ + &.r2-t -CT3 oyj+byo+ci/^\ 
t.e.. l . , . , --r-, - — J 


a-\-b-\-c a-\-b-rC 

The symmetry in the co-ordinates of the point I which is 
the point of intersection of the bisectors of the angles A and 
B, shows that the bisectors of the angles B and C meet in I, 
ix,y I lies on each bisector. 

Hence the internal bisectors of the angles of a triangle are 
concurrent, 

jSfote:— The point I is called the in* centre of the triangle 

axi + &X2 —CX3 ay^ + byo-rcy g 

a-rb + c a+b+c 


and its co-ordin«ates are 


Exercise I (c) 

1. Find the co-ordinates of the middle points of the line 
joining the points : 

ii) (2, 3) and (4, 5), (ii) (—4, —0) and (- 2, 6). {Hi) (a+b, 
c+f/) and {ci — b, c — d). (P.U, 1937) 

2. (') The vertices of a triangle are.2. 3), (4, 5), (—3, 6). 

Find the lengths of the medians. 

(ii) A line is bisected at the origin and one end of the 
line is (x^. i/i)- Find the co-ordinates of the other end. 

(Hi) The points ( — 2, 0). (4, 1), (1, 4) are the mid-points 

of the sides of a triangle. What are the co-ordinates of the 

+ 

vertices. 

3 . Find the co-ordinates of the point which divides the 
line joining the points ; 


(i) 

{ii) 

.{Hi) 

{iv) 

(v) 


(3, 4) and (1. -) internally in the ratio of 2 : 3. 

( 5 , _ 2) and (3, —6) internallj' in the ratio of 1 : 3. 
(_ 4 , _l) and (2, 7) internally in the ratio of 3 : 5. 
(_o, 0) and ( — 1, —3) externally in the ratio of 4 : 3. 
(4, 5) and ( — 3, —4) externally in the ratio of'7 : 1. 
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4 . Find the ratio in which the line joining the points : 

(i) ( 5 , 7 ) and ( — 1 , 3 ) is divided by (a) the x-axis (b) the 

y axis. 

(ii) ( — 3, +5) and ( 4 , —9) is divided by the point (-2, 3). 

5 The line joining (2, 3) and (4,-5) is trisected ; find 
the co-ordinates of the point of trisection nearest the former 

point* . 11 - 

6. ' Find the co-ordinates of-the points that divide the line 

joining the points (-35, —20) and (5, -10) into four equal 
parts. 

7 . Find the co-ordinates of the centroid of the triangle 
whose vertices are : 

(i) (’3, —5); f —7, 4); (10, -2.). {.P- U. 1939 Sup.) 

(ii) (4, 2) ; (4, 0 ) -, C-2, 2). 

(Hi) ( 8 , 3) ; ( — 2, 3) ; (4, —5), 

8 . Find the co-ordinates of the in-centre of the triangle 
whose vertices are : 

(i) (p, 0 ); (36, lo); (-20, 15). 

(n) ( 1 , -2), (- 2 , 4); (3, - 6 ). 

^15. To find the area of a triangle whose vertices are given. 

I^et A Vl)’ ^ V^ 2 '^' 2 h 
C ( 0 : 3 , 2 / 3 ) be the vertices 
of the triangle. 

Draw AL, BM, CN per¬ 
pendiculars to OX 

A ABC=trapezium 

ALNC+trap. CNMB— 
trap. ALIVtB. 

But the area of a 
trapezium(sum of the 
parallel sides) X perpend i - 
-cular. distance between 
them. 

trap. ALNC=^(LA+NC)LN^-^(yi+ 2 / 3 ) (xg—x^), 
trap. CNMB=|(NC+MB)NM=|-(y 3 + 2 / 2 ) (^ 2 ~^ 3 )» 
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^ trap. ALMB-KLA+MB)LM=K.yi+2/2) 

A ABC = i { (i/i + t/ 3 ) {x^ ~ ^l)+(!/ 3 +y 2 ) (X^~X^) 

~(yi—2/2) (^'2—a;i) } : 

or omitting the terms which cancel, 

A-ABC 5 •[ ■~^ 22 /i)''!“(roj /3 ^ 32 / 2 )~!~ 

= 2 { (^l 2/2 + '^22/3 + -*^82/l)“(-r22/i4-X3j/2 + X,Z/ 3 ) } 

Cor. The area of the triangle formed by the points- 
l/i): (Xj, i/^) and ( 0 , 0 ) is (-ri?/.)— 

Notes: 1 . The following is the working rii le for putting 
down the area of a triangle whose vertices are criven : ° 


(1) irnVe doicn the co-ordinates of the three vertices in order 
in two columns, abscissae in one^ ordinates in the other, repeating 
the co-ordinates of the first vertex, (2 Multiply the abscissa 
of each row Hath the ordinate of the next and add the products, 
This gives ,x\y, 2 ^-a\y^-\-X 2 y\^ (3) Multiply each ordinate by the 

abscissa of the next row and add the products. This givest 

(4) Subtract U>e result in ( 3 ) from the result 
in ( 2 ) and divide by 2. This gives us the required area. 


2. Sign of the area of a triangle. 

The ab ove expression for the area of a triangle gives a 
po.sitive result if in passing round the perimeter of triangle 
in the order of the vertices A, B, C, the area is always on the 
left hand or if the order of the description of the circuit 

C c ABC A is counterclock¬ 

wise (Fig. 1 ). 

If the area is on the 
right hand or if the order 
is clockwise (Fig. 2), the 
above expression gives a 



Fig. 1. Fig, 2, 

Example. Find the area of the triangle uhose veitxces are 

(3,2): (J. 4);\~-7,3) 

5x3 + f-7)x2-2x5-4x(-7)-3x3} 
.14—10+28-9 } 


A= i { 3x4+£ 

=-.\ { 12+15- 
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1.51. Condition of collinearity of the points. 

The points A (x^, y^), B C (x^, y^) will be in one 

istraight line if the area of the triangle ABC is zero. The 
condition for this is 


(P. U. 193S) 


a 0 

0 b 

3a — 2 b 
a 0 


^j 2/2 ‘^ 22 / 1 +^ 22/3 -^' 3.^2 “^•'^ 32/1 -‘^1^3 = 0. 

Example. Show that the points (a, 0) ; (0, b); (3a,-26) 

lie in a straight line. 

Area of the triangle formed by the 
three points 

a60-j-O'—0 — 3a6-j—2a6 )■ 

= 0, 

the three points lie on a straight line. 

Exercise I (d) 

1. Find the area of the triangle whose vertices are : 

r--\ ’ (”') (2. —ii,) (2, 8). (-2, 0) • ' 

i 1) 

(0, 3), (2, 1} ; (VI.) (at,-, 2ati), (at 2 ^ 2at2), (atg-, 2at3). 

2. Show that the following points are collinear : 

iil irf’ 7 ^^’ 4), (3, -2),' (- 

ittt) (2, 3) ( — 1 , —2), (5, 8). • 

3. If (t, ?/) is any point on the line ioinint^ the 
{7, 0) and (0, 5) sboAv that 


3, 16); 
points 


X 

Y 


y 


1 . 


4, If (x, y] is any point on the line joining the points (2 5) 
and (5, 7) show that 2a;—3^4-11=0. 

^3 on the line joining the points 

W, and (—1, 2) show that .r— 22 / 4 - 5 = 0 . ‘ ^ 

middle point of the hypotenuse of a 
right-angled triangle is equidistant from the vertices. 

(P-C/4 1948 ) 
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CHAPTER II 

LOCUS AND ITS EQUATION 


2 1 Def. When a point moves in a plane under some 

given gfomctrical condition, %is path in the plane is. called its 

locus. 

Thus, for example 

1 If a point moves so as to keep at a fixed distance fiom 
a given point its locus is a circle. 

2. If a point moves so that its distances from two fixed 

point's are always equal to one another, its locus is the right 

bisector of the straight line joining the two points. 

2 2 When a point traces out a locus under some given 
creonuui-ical condition, there will be some algebraical relation 
which is satislied by the co-ordinates of all the pomts on the 
locus, and liy the co ordinate.s of no other point. This algebrai¬ 
cal relation is called the equation of the locus. 

( -on vcr.selv all points whose co-ordinates satisfy a given 
alccbrai. al equation lie on a curve, which is called the locus 

of that et[uati()n. 

/I ,-ovhl hr nnt ,l that a point lies upon a c>nve when and 
onhi irh. ,i its ro-nrdinotes mtisjn the equation of the locus. 

The co-ordinates of the moving point 
l.vic clandaiv call.-d the current eo-ordiiiates. h 
o.'iuatinn of tl.c locus will involve .f. y and given quantities. 

2 21 'flic foilowinc process has generally to be ■ followed 

,-,,rlindin._Mh.-. qn:.t a point moving under 

n fdvou ::*** auetriral couditiou • 

fir.y .vh Assnnn that P (.r, y) is any point on the locus. 
.s’t fomi step. Writ' down the. yiven geometrical condition. 
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f 


Third step. Express the: condition algebraically and simplify- 
the result. ^ The final equation, containing x, y, and the given 
quantities ivill be the required equation.' * 


‘ ’ Example 1. A point moves so that its distance from the 
xfixis is 4 times its distance from the y-axis, hind the equation- 

of the locus. 


1. Let P {x, y) be any point on the locus. 

2. If PM be drawn perpendicular from P to OX, the 
condition under whicli the point P moves is MP —4.0M. 

3. But MP—^ and OM-x 

the required equation of the locus is 


y=-l:c. 

£xdm.ple 2* -*4 point moves so that it is equidistant fiom' 

points A ( — 0) and B (2, 1). Find its locust 

1. Let P (x, y), be an}' point on the locus. 

2. The condition under which the point P moves is 

pa^pb. 



Now PA=\-and PB=-V + 

Eqiiating these, we have 

^ ^ -r ir = V {x--2fi+{y^\f. 


i,e, 11 =0, 

- which is the i^equired equation of the locus. 

Examples. A point mov s so that its distance from the 
point A [^. 3) i-^ alivays equal to 5. Find the equation of the 
locus and shoio that it passes through the origin. 

I 

' T. Let P (x; y) be any point on the locus. 

2. The condition under which the point 

PA —5. 

3. But PA = 

^ ' or ' (;r —4)^-r(7y_3)2^25, 

^ i.e., — Qy~0 

i. 1 ■' ' . I ,. ■ , ■ •. 


P moves is 





* 
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which is the required equation of the locus. 


The co-ordinates of the origin are (0, 0). If we put a:==0 
and ?/=0 in the L.H.S. of (1 ) the result is zero, which shows 
that the equation of the locus is satisfied by the co-ordinates 
of the origin. 


/. the origin lies on the locus represented (1). 

Example 4* A jyoint move^^ so that the sum of the squares 
of its distances from two fix points A (1, 0) and B (-1, 0) is 
rconsiant and equal to 2a^ : find the equation of the locus. 

1. Let P (x, y) be any point on the locus. 

^ The condition under ^ which the point P moves is 

PA2-rPB--2a2.(1) 



Now PA‘-^=(a:-l) 2 -fy 2 and = {x + If + if 

A (1) becomes (.r~ r;^ + y 24 - x+iy^ + y^ = 2a^ 




or x^ + y^ — a^—l, 

which is the required equation of the locus. 


Exercise II 


1. A point moves such that its distance from the point 
(3, 2) is 5. Find its locus. 

2. Find the equation of the locus of a point which moves 
in sucli a wav that 


(i*) its distance from a-axis is equal to two • times its 
distance from y-axis. 

(ii) three times its distance from a-axis is equal to tour 
times its distance from y-axis. 

3 A point moves so that its distance from a-axi’s is equal 
to its flistance from the point (2, 3). Find the equation ot its 

locus. 

4 Find the locus of a point which moves so that its 
distance from the point (3, 0) is three times its distance from 


('*. 3 )- . . • V 

Find the equation of the locus of a point which moves 

SO that 

(i) sum of the squares of its distances from (0, 3) and 
(2, 1) is always equal to 6. 
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(n) the difference of the squares of its distances from the 
points (3, 0) and ( — 3, 0) is 7. 

iiii) The sum of its distances from (ae, 0) and (—ac, 0) is 
2a. (P. U. 1944) 

6. Find out which of the points (0, 0), (2, 1), (2, 0), 
{\/5, 0), (““2, —1) lie on the locus whose equation is 

'7. Show that the locus of the point whose distance from 
0) is {ex-\-a) has the equation 


‘ a‘‘*(l — e^) 


1 . 


8. Show that for all values of 0, the point (a cos 0, 


b sin 0) lies on the locus 


T. 


9. When will the locus. ax-\-by-[-c=Q pass through the 
origin. 

10. Find the co-ordinates of the points where the locus 
re'presented by the axes of co-ordinates. 






CHAPTER III 


THE STRAIGHT LINE 

f 

3.1. Slope of a line. . The tangent of the angle which a 
straight line makes tvith the positive direction of x^axis is called its 

slope or gradient- 

The slope of a line is generally denoted by m. 

3.11. Let TWi, 

be the slopes of two 
lines which are given to 
be parallel. Because the 
lines are parallel, their 
inclinations 0 ^ and 
are equal, 

tan 0j = tan 0 ^ 
or m 2 

Conversely if = 
then tan 0j = tan 6o. 

Q^=Bo (both lying between 0"^ and 180°) 
i.e., the two lines are parallel. 

The slopes of tivo parallel lines are equal and conversely. 

3.12. Let there be two 

lines perpendicular to each 
other. Let their inclinations 
be © 1 , ©2 and wq, mg their 
slopes. 

Now ©^ = 90°-t-©2 I 

or tan ©i=tan (9O° t 02 ) 

— — cot 6, 

tan ©2 

1 __ 1 
or mi = — or m 2 — t. 

^ m2 
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Conversely if 

i.c., tan 6i 


mg 

1 


cot 0, 


tan 02 
=tan(9O°+02) 

‘ . /. 0i = 9O'=^+02 

which shows that the two lines are perpendicular to each other. 

Hence two lines are perpendicular to each other if the product 
of their slopes is equal to —lor if the slope of each is the nega- 
tiverectprocal of the other, and conversely, 

3.13. Slope of the line joining two points. 

Let the line joining P(a;i, 

and Q(a; 2 , yf) make an angle Q with 
X- axis. 

Draw PL and QM perpendi¬ 
culars to OX. Draw PR perpendi¬ 
cular to QM. 

Let QP cut OX in K. 

ZQPR=ZQKX=e 
Also PR=LM=OM—OL 


X. 


X- 



B.Q=MQ-MR=MQ-LP=y2_2,j 

Now in the right-angled triangle PRQ 

RQ 
■pR ' 


tan 0 


Vz—Vi 


X 




%*e,, m 


y2-yi 


X, 


X 


tie '“-"dtootes of 

Slope of AB= ^ ^ ® 


r> 

t> 


Slope ofBC 


11- 3 

12 - 8 
8—11 


8 4 
4 
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6—19 _6 

Slope of CD=«_>-=J=-| 

Slope of DA-?“| =-“^ 

ix,, AB 11 DC and BC |1 AD 
Also AB _L BC 

This shows that ABCD is a rectangle. 

Exercise III (a) 



1. Show that the following sets of points are collinear : 

• (i) (2, 3), (-1, -2), (5, 8). 

{ii) (1,4), (3, -2), (--3, 16). 

2. Prove that the points (2, —2), (5, 2), ( 2, 1) are the 

vertices of a right-angled triangle. 

3. F nd the slopes of (i) the medians, (ii) the altitudes 
of the nb ve triangle. 

4. Prove that in any triangle the line joining the mid. 
points of the sides is parallel to and half of the base. 

5. Find the slopes of the sides and diagonals of the quad¬ 
rilateral whose vertices are (1, 4), (2, —3), (8, 2), ( — 3, 6). 

Different Forms of the Equation of a Straight Line 

^ t 

3 2. Straight lines parallel to the 
axes. Let PiM be a straight line parallel 
to //-axis and cutting the axis of x in M. 

Such that OM—a, 

Let P'.r, i/) be any point on the line. 

Then .r —()M = a 


P 

C3t>V) 




x=(i is the ecjuation of the line. 

Cor. If f/=0, the line MP coincides 

with the axis of //. O 

Hence .r~0 is the equation of 

?/-axis. Similarly it can be shown that 
a straiudit line parallel to .r axis is represented by t/ = 6 and 
that the of'[uation ol thh .r-axis is y 0. 

3 . 21 . To find (he equation of a straight line which passes 
through the origin, . , 
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tan a = 



Let QP be the straight line 
0 which makes an angle a with OX. 

Take P(a;, y) any point on the line. 

Draw PM perpendicular to the 

a;-axis. 

From the triangle MOP, 

IVff ^ y 

OM X 

* ■ 

* tall oi is th.G equation of 

the line. 

Writing m for tan a the equation of the lines becomes 

y^mx. 

3 .22* To find the equation to a straight line which cuts 
given intercept on the axis of y and is inclined at a given 

to the axis of x. 

Let AB the given line, 

which cuts an intercept OQ^c 
on ^-axis and makes an angle 

a with OX, 

Take ^(x, y) any point on 
the line. Draw PM ± to OX 
and QN parallel to OX to meet 

MP in N. 

Now ZPQN=ZQAX=« 

From the A-PQN 


L 



a 




tan oc 


NP MP - MN 


or 


or 


tan oc 


QN“ 

y—c 


OM 


X 


y — c—X tan oc 

tan a-l-c 

is the equation of the straight line or 

y=:=nix~{-c 

where m is the slope of the line. 

Cor. If c =0, the line passes 
the equation of any line passing 


* • 


. 0 ) 



• • 




the origin, 
the origin is 

























y 
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equation of a straight line is 
calied the tangent or the slope form. ' 

siutable values to m and c the equation 
-m:i +c be made to represent any straight line. 

3.23. To find the equation of a straight line which cuts off 

given intercepts a and b from the axes, 

Let the straight line AB 
cut the axes at A and B such 
that OA=.-a and OB = 6. 

Take any point P {x, y) 
on the straight line AB 

Draw PM per 
to OX. 

Now the triangles AMP 
and A OB are similar. 



• 

MA 

jjp 


m m 

OA " 

OB' 


have 

MP= 

=!/• 

OJJ 

• 

OA- 

OM 

MP 


0. 


~0B' 

* 

a — X 

?/ 


* • 

a 

b ’ 


or 

:+ 

y 

b ■■ 

1, 



z 


This is the required equation, for it is the relation that 
holds between tlie c3-ordinates of any point on the line. 

This eijuation can be found in the following wa}^ also. 

Tlie .sum of the areas of the triangles OPB and OPA is 
equal to the area of the triangle AOB. 

‘loy f-Ibx = lab 


* • 


X y 
a+'b 


1 . 


Note. This form of the equation of the straight line is 
called the intercept form. 
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r .mnlo 1 Find the equation of a straight line which 

60“ «>« OX cyU OY „l a dimme 7 «n.(» 

Jrovi 0 . 

Her© m=tan 60=-v/3 and c=7 
/. the required equation is 

2 Find the equation of a straight line which 
passes throlgh the point {4, 5) and makes equal intercepts on le 

axis. 

Let the intercepts be each equal to a. 

Then the equation of the straight line is 

2/ =1 
a ‘ a 

V the straight line passes through the point (4, 5) these 
co-ordinates must satisfy the equation. 


* • 


4 5 

+ 


a 


or 


a 

a 


9 


required equation is 


X y 
9~+"9 


or 


a;+y=9. 


'^. 24 . 


A c<i. To find the equation to a straight line in terms of the 

length of the perpendicular upon it from the ongtn and the angU 

which that perpendicular makes with the axis oj x. 

Let ON be the perpendicular 
from O and let its length be p. 

Let a be the angle that ON makes 

with OX. 

Let P be any point whose 
co-ordinates are (x, y) lying on 

AB. 

- Draw PM perpendicular on 

OX. 

Then 

ON=OA cos a 
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— (OM-f-MA) COS ot 

— Oj\J[ cos oi-j-MA cos GE 



/. M A=MP 


tan 



A ON=OM cos OL -f-MP tan cc cos a 

= OM cos a + MP sin a 


we have x cos a-f y sin «=p. 

This is the required equation. 
Otherwise : — 

Let ^XOP = 6, then 
a::=OM=OP cos Q 

?/=MP==OP sin e 
In the triangle ONP 
p = ON = OP cos (G — oc) 

— OP(cos G cos «“f“Sin 0 sin a) 

A sin a. 

Note 1. This form of the equa¬ 
tion of the straight line is called the 

perpendicular or the normal form. 



2. In this form sum of the squares of the coefficients of 
X and y is equal to 1. 


Exercise III (b) 

1. Find the equation of a straight line. 

(0 parallt-l to x-axis and at a distance 7 units from it. 

(ii) parallel to ^-axis and at a distance —7 units from 
it. 

2. Find the equation of a straight line parallel to x-axis 
ajid passing tlirough the point 

(i) (4, 7) {ii) (0, 11) (Hi) (h, k). 

3. Find the equation of a straight line which 

(i) cuts OY at a distance 4 from O and makes an angle 
of 135“ with OX. 

(ii) cuts OY at a distance —6 from O and makes an 
angle of 120° with OX. 
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(m) passes through the point (2, 3) and makes an angle 
of 45° with OX. 

4. Find the equation of a straight line which 
(i) makes intercepts 5 and —6 on the axes. 

{ii) passes through (4, H) and makes equal intercepts on 
the axes. (P.U,) 

(in) passes through^ the point (7, 3) and makes intercepts 
on the axes which are equal in magnitude but oppo¬ 
site in sign. 

1- 

5. Find the value of m and c so that the points (3, 7) and 

(~~2, 6) may lie on the line {P,U,) 

* 6. A straight line passes through the point (2, 3) and the 
portion of the line intercepted between the axes is bisected at 
the point ; find its equation. (P-U,) 


7. Deduce from the equation —-1--V 

a 0 


1, the form x cos 


oi + 7j sin (P,U. 1943) 

8. Deduce from the equation x cos sin a~p the 

form — 

a ‘ b 


3.3. General Equation of the First Degree in x and y. 

^^e have seen that the equations of the straight line 
that we have obtained so far are all of the first degree in x and 
y* the next article we propose to establish the converse 
theorem, namely that every equation of the first degree repre¬ 
sents a straight line. 

3.31. Every equation of the first degree Represents a straight 


The most general equation of the first degree is 

' + •*.(!) 

I Q(f27 Vz) he any three points on the 

locus, then the co-ordinates of these will satisfy the equation (1) 

Hence Aa:i+Byi+C=0 ...(2) 

A;r2+By2+C=0 ■ (3) 

A^3H“By3-bC=0 •••(4) 
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V 


Subtracting ( 3 ) from ( 2 ) ; we have 

A (xj — x.^) + B (2/1— 2 ^ 2 )=0 

or A(.Ti—0:2)“—B( 2 /i—2/2) •••( 5 ) 

Similarly subtracting ( 4 ) from ( 3 ), we have 

A (.T.—3) + B (2/2—2/3 )=0 

or A(.r2 — ‘^'3)“—3(2/2—2/3) 

Dividing ( 5 ) hy ( 6 ), we have 

Xi—x^ 2 /i—2/2 
Xo—x^~^7y^—ys 

or (.Ti — X2){y2 — 2/3) 2/2) 

or ^11/2 +•^*22/3 “ 1 “ ‘^"32/1 2 / 2*^3 2/3^1 “ 

P, Q and R lie on a straight line. 

But P, Q and R are any three points on the locus represent¬ 
ed by (1). 

/. locus is a straight line. 

Hence Ax-hBy+C^O represents a straight line. 

3.4. In some of the previous articles, we have obtained 
the cc]nation of a straight line satisfying different conditions in 
the following forms : 

(a) y~-)nx-\-c, where /n is the slope of the line and c is the 
intercept it cuts off from y-axos ; 

,!,) » _l,„l,ereaand6a,-etbe intercepts cut off 

by the straight line from the axes of x and y respec- 
tivelv. 

(r) X cos a'H-?/ sin a “2^, where p is the length of the pei- 
pendicular from the origin on the straight line and^ cc 
is the angle made by this perpendicular with the OX. 

Since Ax-j-By-^C — O always represents a straight line it 
can l)e reduced to any of the above forms. 

3 . 41 . reduce the equation AX'TBy-\rO==^0 to the form 

y = t)iX-^C» 

The equation A.r-f By+C=0 may be written as 

By=—A.r—C 
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or 



This is of the same form as y^mx-\-c, the slope being — 

, . C 

and the intercept on i/-axis*— 

Example. Meducc the eQuatioti 2x — 3y‘i~7=0 to the slope 
form and find its slope and the intercept on the y-axis. 

The equation can be written as 

3y 2.x 7 

or 2^*— 3^+3 which is the slope form ; 

the slope being | and the intercept on y-a>x\Q 


3.42. To reduce the equation AX-\-BY-\‘C=0 to the 
cept form. 


inter- 


We find that in the form - 

a ^ b 


1, the right-hand side is 


unity and left-hand side is the sum of two terms 

Now Aa:+B 2 /+C—0 , oan be written as 

Aa:+Bt/=-C 


or 


C 


X 


x-\- 


B 


-C 


y 


+ 


y 




c -c 

A“ B ■ 

which is the intercept form, the intercepts on the co-ordinate 

, . -C ^ -C 
axes being —^ and 


A B 

Example. Transform the equation 3x-\-4y-\-0=^0 to the 
intercept form. 

Now 3a:+4y+9=0 be written as 

3a;+4y =—9 


or 


3 , 4 , 


9 


1 


iM 
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or 


X 


y 


f I 


■9 

4 


1 , which is the intercept form, the in- 


9 


tereepts on the axes being —3 and 


3.4.3. Reduce the equation Ax-\By-\"C — 0^ to the per¬ 
pendicular form. 

The equation of the straight line in perpendicular form is 

X cos « + 2/ 0[=p 

or X cos oc~\~y sin a —2^=0 ,..(1) 

If the equation 

AX + BY + C-O .*.( 2 ) 

also represents the same straight line 


cos oc sin a 


P 


A 


B 


C 


or 


0 


A 


B 


p cos « sin « \/cos® a t sin^ a 

ib 

_ 1 


4 


B 


/. cos a = 


-C 


and 


P 




Since p is always positive, the sign before the 
must be that which makes p positive. 

-C C 

Hence if C is positive P = _ 

A 

and, therefore, cos « = 


radical 


and 


— \/ A^ + B 
B 

sin «=="„^/A2-pB2 
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• TIi6 given e^uRition reduced to perpendicula-r form 

becomes ^ 

— A B C 

^ - ...(3) 


VA*+B* 


zT X — 


VA^+B^ 

-C 


y 


■y/A- + B^ 


If C is negative p— 


A 


and, therefore cos «= , g 2 


andsina=-^=^,. 

Hence the given equation reduced to the perpendicular form 
becomes 


X + 


B 


C 


ExdlU^plc# B(^UCtt%07lS 

3x+4y~7=0 

12x-r6«/+4=0, to the perpendicular jorm. 

(i) 3a;+4y—7=0 _ 

Hereto is negative, A dividing by + VA^+B* 

i.e. 5 and transposing the constant term, we have 

as the required equation. 

Now cos « = |, sin <x=f and p=h 

p 

(it) 12x+5^+4:=0 _ 

Here C is positive, /. dividing by — 
i,e, —13 and transposing the constant term, we have 
12 5 4 

as the required equation. 


...(4) 


13 


X 


Now cos a = 


12 


13 


sin a 


13 ^ 13 


Exercise 111 (c) 


1 . Reduce the following equations to the slope form : 
(i) 2x —32^4“2=0 (ii) 4:r+5y—1=0 
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co-ordinate geometry 


{Hi) X cos oc-]-y sin a = p 


X X 


1 


( 3 , 


2. Reduce the following equations to intercept form : 

(i) 3.r-42/ + 24=0 (n) 5^—32/-5=:0 

(tu) y=:zmn~\~c {iv) a'cosa-|^?/ sin a=^, 

3. Reduce the following equations to perpendicular form : 

(i) 3.r+42/-5 = 0 (n) V3 2/+7=0 

(Hi) y=mx-\-c (iv) \2x — 5^+9=0 

4. Prove that the line y — x~^ 2^Q cuts the line joining 
—1) and (8, 9) in the ratio 2 : 3. 

[Let the ratio be 1 ; fc. /• the coordinates of the point of 

( +3A; ^ 9 — 

1 “b A: i k/ 


division are 


1 +A: l+A; 

But this point lies on the line x~-y + 2^0 

• 4-2=0 or 3 —2jfc=0 


1 -j- \-\-k 


« # 


*=i] 


5. 


In what ratio is the line joinining (1, 1) and (3, 4) 
divided by 2x-—3?/-7=0 ? 

6. In what ratio is the line joining (1, 3) and (2, 7) divided 
by 3*r-|-?/=9, 

Othei* Fofnis of the Equation of a Straight Line 

3.5. To find the equation of a straight line passing through 
a given point and having a given slope,. 

Let the slope of the straight line be m and let it pass 
through (xj, ?/i). 

The equation of a line with slope m can be wTitten as 

y = mx-\-c ’ 

where c is unknown. 

Since the line passes through (a;j, yf), we have 

2/j = mX]+c 

Subtracting (2) from (1), we have 

Xj) as the required equation. 
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The above result can also be obtained in the following 
manner : 


Let AB be the 
given line passing 
through the point 

Q{^i^ 2/i)* Let it 
make an angle a 

with OX such that 
tan a=m. 

Take P {x, y) 
any point on the 
line AB, Draw QM 
and PN perpendiculars 
meeting it in R, 



Now zlPQR = a 


/. from the right angled triangle PQR, 


tan a 


y-Vx 

x—x 


RP 

QR ^ 

y=yi=tdiTx CL (x-^xi) 
y—yi=m{x~xi) 


m • 


tan a=m 


""^3.51. To find the equation of a straight line passing through 
two given points {x^y y{i and y^. 


Let the equation of the straight line be 

V=^mx-^c 


Since the points (X|, yfj and (a* 2 , y^ lie on (1) 


yx~rnXx-\-c 

...(2} 

y^=mx^^c 

...(3) 

Subtracting (2) from (1) we get 


y—yi=m(x—x^) 

...(4) 

Sutracting (3) from (2) we get 


yi~y2=ni[xi~x^) 

,..(5) 


Dividing (4) by (o), we have 


y—Vx 
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or y—Vi 


Vi—Vi 


X 


® (x — 0 ;^) is the required equation. 


Note. ——— is the slope of the line passing through 

-X 2 

(.rj, ^1) and (Xj, y^). 

The above result can also be obtained in the following 


manner : 



Let AB be the 
given line passing 
through Q(x 2 , y^) and 

Vi). 

Take P(x, y) any 
point on the line. 

Draw QL, RM, PN 

perpendiculars to OX 
and QS and RT per¬ 
pendiculars to MR and 
NP respectively. 


Now triangles PRT 
and RQS are similar. 

TP SR 

RT""QS 

But TP=NP-NT: 

RT=MX 
SR = MR-MS 

=: LM 

from (1) we have 


...( 1 ) 



NP—MR=y- 

ON— 0M=.x- 
:MR-LQ=yi 
OM-OL=Xi- 


2/1 

Xi 

-yt 


• * 


or 


H — //i _ 

1 X 

^ ^ is the required equation 

1/ 1 fn _ _ I 

X ** 


3.52. To find the cquniion of a a with the X-axis 

„ fn .i point //,) and mahmj a gnen angle, 

in the form 


X- 
cos ct 


•ri __ y — .Vi ^ ^ 


sin « 
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where r is the algebraical distance of any point (a:, y) on the line 
from the point 2/1). 


Let AB be the 
(Xi, 2 / 1 ) and mak¬ 
ing an angle a with 
a;-axis. 

Let P (x, y) be 
any point on the 
line, such that 

QP-=r. 

Draw QM and 
PN" perpendiculars 

to OX and QR per¬ 
pendicular to NP. 


given line passing through the point Q 



Now QR==MN=ON—OM=a:— x^ 

and RP=NP—NR=NP-MQ=2/-yi- 

Also from the right-angled triangle PQR 

QR=QP cos a 


or 

X^Xx~ 

=r cos ot 

• 

1 

1 

~r 

■ * 

COS CL 

and 

RP= 

=QP sin 

or 

II 

1 

=r sin a 

* 

■ • 

II 

1 

1 

.r 


sin a 

Hence from (1) and (2) we have 

cos a sin ot 


• * • 




Cor. From (1) and (2) we have 

x—x^'\~r cos CL 
and y—^ 1 +^ sin a 


These equations give us co-ordinates of any point 
straight line in terms of r. 


on the 
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These equations are therefore called the parametric equations 
of a straight line. 

Example 1. Find the equation of the straight line passing 
through the points (5, 5) and (— 2, 1), 

^0\V ^ 3/11(1 ^2 1* 

the required equation is 


or 

or 


y-b 

0-1 

X— 3 

~3+2 

y — 5 

4 

X—3 

^ 5 

r —25 

—4x— 



or 4a:—5y+13 = 0, 

Example 2. Find the distance of the point (3, 4) from the 
line 2x — y —7 — 0 measured along a line making an angle of 45° 

with x^axis. 

The equation of a line passing through (3, 4) and making 
an angle of 45° with x'-axis is 

X—3 y—^ _ 

cos 45 ” sin 45 


/. the co-ordinates of any point on the line are 



The value of r for which this point satisfies the equation 
2x — y —7=0 is the required distance. 


Now 

9r r 

6+^',-4- = 0 

\/ 1 V ^ 

or 

T 

V2 ^ ^ 


r =i5\/2. 


Exercise III (d) 


Find the equations to the straight lines passing through the 
following pairs of points 
1. (0, 0) and (2, -2). 
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2. ( — 1, 3) and (6, —7). 

3. (3, 5) and ( — 2, 1). 

4. 2ati), and (at^, 2a<2). 

5. (a cos <f>y a sin <}>) and (a cos 0, a sin 0). 

6. {a cos <f>, b sin x}>) and {a cos 0, 6 sin 0). 

7. Find the equations to the sides of a triangle the co¬ 
ordinates of whose angular points are 

(1,4), (2, -3) and{-l, -2). 

8. Prove that the line joining (3, 5) and ( — 2, 7) bisects 
the line joining (7, 2) and (9, 4) , 

9. Prove that the line through the two points (9, 3) and 
(15, —3) cuts off equal intercepts from the axes. 

'--^10. In what ratio is the line joining the points (1, 2) and 
(4, 3) divided by the line joining (2, 3) and (4, 1). 

11. Find the co-ordinates of the points which are at a 
distance of 5 units from the point (3, 4) and lie on the lines 

4.T—3y=0; 

12. Prove that the three points (— 1, —1), (5, 7) and (8, 11) 

lie in a straight line. Find the intercepts which it makes on 
the axes. (P.?7. 1945) 

13. Interpret completely the equations 

(^) x^a (ii) y=-b (ui) y=zmx. {PJJ* 1944) 

14^ Find the equation of the line which makes equal inter¬ 
cepts on the axes and passes through the point (2, 3). 

*(£?.P.t/. 1948) 

15. The part between the axes of a line passing through 

. (a, is bisected at that point. Find the equation of the 
line. 

16. A rectangle is bounded by the co-ordinate axes and the 
lines x=Q^ «^=8. Find the equations of the diagonals. 

17. Find the distance of the point (2, 3) from the line 

^+ 2 /+1=0, measured along a line making an angle of 45® with 
rr-axis. 



CHAPTER IV 


THE STRAIGHT LWE—(Contd.) 

V 4.1. Angle between two straight lines. 

Let AB and AC be the 
two given straight lines with 
inclinations a, /? and their 
equations in slope form be 
= and y—W 2 .T+C 2 

respective!}^ 

Then tan 
and tan j8 = W 2 
Let G be the angle bet¬ 
ween the lines. 

Then 6 = a— 

tan 0= tan (a —j8) 

tan « — tan ^ 

Jl ~j—t'an cc ran ^ 

Wi —TTlg 



or 


@=tan 


l + rwirng 
mi—Trim 


-1 


1 -f- 771^171 


2 


„ m-i —//»2 

Note. 1. The positive value of g>ves 

acute angle while the negative value, the obtuse angle. 

2. Umi==m.i, tan 0=0, or 0=0 

A the two lines are parallel. 

TT 

3. If the miJH 2 = —0-»<»» ® ^ 2 

A the two lines are perpendicular to each other, 
4 . 11 . If the equations of the two lines are 

ai.^+/>i2/+Ci=0 

36 
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and —0 

these can be written as 



y= 

ax 

—h 

and 

2/= 

a» 

-—^-x —c. 

so that 

mi= 

—ax 

■ 6i 


nio- 

02 
" 62 

Now 

tan Q- 

nil — 

l-{-mxm2 



or 


e= 


_^ 2^1 G 162 

0102+6162 

tan-1 “2^1 ~ “162 
O 1 O 2+6162 


The two lines are parallel if — 0 . 62=0 



• • r« 7 T 

z.e, II ^ “ I. 

£>1 ©2 

the lines are perpendicular to each other if 

4 . 12 . To find the equation of a straight line parallel to a 
given line, 

liCt the equation of the given line be 

ax “|- hy -j“ c=0* 


The slope of this line is 



i 
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The slope of the || line is 

0 

Hence the required equation is 

a 

or ax-\-by+k=0 where k=~~bCi 

Hence the equations of || lines differ only in the constant 
term* 


4.13. To find the equation of a straight line perpendicular 
to a given line. 




Now 


will be perjjendicular to it if 
aia2+6162=0 


or 


* • 


^2 




- =l 

ai 

and 62 


(say) 

= —afi 


Substituting these values of a 2 and 62 we get 

IbiX—la^y 4~ C 2 = 0 
or biX~aiy-^k = 0 


where 


C 2 

I 


which is the required line. 


Rule :—Hence to find the equation of a line perpendicular to 

a given line 

(i) interchange the coefficients of x and y and change the 
sign of one of them^ 

and (it) change the constant term into any other constant. 

Ex. 1. Find the angle between the lines 

2x—y-\-5=0 and 2x+3y—7=0 

~2 

“3“ 


Here mi=2 and wJj 
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If© is the angle between the lines 




/. the acute angle is tan ^ 8. 

Ex. 2* Find ih^ equation of the straight line through the 
point ( — 2, —i) and parallel to the hne 3x-{-4y'\-7 — 0, {1942) 

The equation of any line parallel to + + l = 0 is given 

by 3a:+42/ + * = 0 

The line passes through the point ( 2, 1) 

_6 —4+/c = 0 k = 10 

the required line is 

3a:+4y+10=^0. 

Ex. 3. Find the equation of a straight line through the point 
(4, 5), perpendicular to the line 3x — 2y-l-5 =0, 

Any line perpendicular to the given line is given by 

2x + 32/ + ^ = 0. 

The line passes through the point (4, 5) if 

S + l5 + fc=0 or ^= — 23. 

Substituting the value of k, we get 

2a:+3y — 23 =0 

which is the required equation. 

Ex. 4. Find the equations of the straight lines passing 
through the point (3, — 2) and iticlined at an angle of 60 to the 

line \/3.x+y=i. {1944) 

Let m be the slope of the required line. 

Slope of the given line= — /^3. 


Since the angle between the required line and the given 
line is 60°, hence 


tan 60°= ± 


rri—{—^/^ 

1 —V3*^ 


* 


* 


i 
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or 


V3 


V3 


Taking the -\-ve sign, 

V'3 — 3m = m~\- Z 
Taking the —ve sign, 

— V 3 + 3^^=^+V'3 

As the lines pass through (3, 
the required equations are 

Z/'f2 = 0 

and 2 / + 2 = v^3 (.t—3) 
i , 'Y/3»*T—^=^2-|-3^3. 


or m=0 


or m=\/3 


2 ) 


Exercise IV (a) 


1. Find the angle between the straight lines 
(?) ;^v 3“ •v-r4 = 0 and x-\-\/Zy ~3^0. 

(ii) o.r-t-6^-^c = 0 and (a4-^)-T'—• 0. 

{Hi) X cos «-('?/ sin a = p and x cos /? + y sin 

2. Find the angle between the two straight lines whose 
intercepts on the axes are a, b and a', b' respectively. 

.3. Show that the lines y — 2t = 3 and 2?/=4.r-!-5 are 
parallel. 


line 


4. Find the equation of the straight line 

(i) pas.sin^ tlirough (2, 3), and parallel to 3x — 

^ (P.C7.) 

(H) passiin: throuLdi the point (1, 1) and parallel to the 
4.r-f4:v^^7=o. ^ { 1942 ) 

(Hi) passing through (.rj, y^) and parallel to ax+by^c^O, 


o. 


Fiml the equation of tlie line 
(i) throuf'h the origin and perpendicular to 5.r-f 12//+13 
=<•. 


(jj) through the point (.Ti, i/i) per 
Aa:+Bw+c = 0. 



(P.U.) 

to the line 

(P.U.) 
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the straight line (contd) 

6* Find the equation of the straight line through the point 
y^) and perpendicular to x^y-\-xy^=a . 

7. Obtain the equation of a line 

(i) which passes through (h, k) and which is 

cular to ix+my —1=0 ^ * 

Hi) which passes through the point (o, b) and is 

angles to the line px — jy—r—0. . . . 

8. Find the equation of the right bisector of the line join¬ 
ing the points (3, —7) and ( — 1, 5). 

9. Find the equations of the altitudes of the triangle 

whose vertices are (5, 2), (—1, 1), (2, 7). 

10. Find the equations of the straight lines 

(0 through the point (4, 5) which make an 

of 45° with the line -Ix-y+I^O. (1946) 

(ii) through the point (h, k) making a given angle a 
with the straight line y=mx-\-c. 


Intersection of straight lines 

b^.2. Point of intersection of iwo given straight lines. 

Let the equations of the two lines be 

a^x+biy+c^—O •• ( 1 ) 

a^x-\-b2y-rC2 = ^ •••( 2 ) 

The point of intersection of two lines is common to both 
the lines. Hence its co-ordinates must satisfy both the equa¬ 
tions. Thus we have only to solve these simultaneous equations 

to find :t* and y. 

By cross-multiplication, we have 

^ _ y ^ 

61C2 — ^1^2 ^1^2—^1^2 ^1^2 ^2^1 

^~Ojb’ 9~ajb^—a^y 

This gives us the co ordinates of the point of intersection. 

Note. If a^b^—aj)! is zero, there is no finite point of 
intersection. Or we say that the two lines meet at infinity, 
i.e., they are parallel. 
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Example 1. Find the point of intersection of the lines 

4.r—6y = 24 and 3.r-f-7«/-f 5=0 
The two equations can be written as 

4.r— 6 y—24=0 ...(1) 

‘Ax+ly + 5 -0 ...( 2 ) 

By cross-multiplication 

__ _ =2/^1 

— 30-fl68 —72 — 20 28-fl8 

i.e,, x — 3 and y~ — 2 

/. the point of intersection is (3, —2). 


Example 2. Find the area of the triangle formed by the 
lines *r-f ?/--=0, = and y=-lx+5, 

The equations of the three sides are 


0 •••(!) 

a :—?/-^ 6=^0 ...( 2 ) 

7a: —?/-r5 = 0 •••(3) 

Solving these equations simultaneous!}’' in pairs, we get 
(—3, 3) as the point of intersection of (1) and (2), (-J-, that 

of (2) and (3) and ^ ^ ^ of (3) and (1). 


These three points of intersection are the three vertices of 
the triangle whose area is to bo calculated. 



the area of the triangle 


11^11/2 + + x^y^ ~ x,yi — x^y^ 

2 1“ 2 ”^48 8 2 48 



361 

” 48 

Neglecting the —ve sign, the area is equal to W"- 

4 . 21 . Consider the equation 

a^x 4 “ by^y 4 4 " hi^a^x 4 ^ 2 ?/^ 2 ) ^^6 .,. ( 1 ) 

where A: is a constant. 


















# 

the straight line—(contd) 


4 » 


This equation represents a straight line as ^it^is oj^first 

degree. Also if there is a point (.'Ci, Vi) 


0 

0 


...( 2 ) 

..-(3) 


0 and 


the two straight lines given by 

and a^x-\-h 2 y -\-^2 

it lies on the line given by (1) also, as 

Th? thmvs that equation (1) ind 

passing hrough the point of intersection of the mes (2^ 

i syiem of straight lines, all of which pass through the point 
of intersection of the two lines. 

Example 1. Find the equation of the straight 
through {3?2) and the point of intersection of the lines 2x j 

and 33^-1-72/4'5=0. • j. r 

The equation of any lines P^®fng thorough the pon 

intersection of the given lines is 2a:-3i/-12+fc(3a:+7y+ ) 

This line passes through (3, 2), 

6-6-12+J1:(9+14-1-5)=0 or k 
the required equation is 

2x—3y-12 + |(3a;+7i/4-5)=0 

or 14a;~21?/—84-h9^“l“2 ly "I" 

i.e., 23a;-69=0 or a;-3=0 
This example can be done in another way also. The point 

of intersection of the given lines is (3,-2). Now we find the 

equation of the line passing through (3,-2) and ( 6 , 

The equation is .r=3, as obtained before. 

Example 2. Find the equation of the line passing through 
the intersection of the lines 3x-2y+l=0 and 4x+2y+3=0 and 
parallel to 5x— 2/-h7=0. 

The equation of any line through the point of intersection 
of the given lines is 


1 2 
2 8 


3 

7 


5x—2y +1+A(4.r+21/+3)=0 

3+4A 




The slope of (1) is 
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But the line given by (1) is parallel to 

5x—y-f.7=o 


...( 2 ) 


3+4A: 

~2^2k 


5 


/.e,, k=^ 


» # 


or 


The reqd. equation is 3a;-2y+l + ^(4a:+2y+3)=0 
lOx—2y + 5=0. 


f equation of the line through the inter. 

cTdar to il-^ 4.r-5y+ii=0 and perpendi- 

lin<. of ‘'iny line through the intersection of the given 

^ + —7 + A(4;i: —5y+ll) = 0 


Slope of this line 


3 

‘T 


3+4/c 
4 — 5 k 

Slope of the line (3x—2y=l) 

The two lines are perpendicular 

34-4^: 3 

4 —ok 2 

or 9+12A = S-10/>: 

or k=- 

The reqd. equation is 
3.r+ 4y — 7 — 2^(4.^- 

i.e., 62.1 + 93?/—165=0. 


-i 

o o 


5y+ll)=0 


4.22. Condition of concurrency of three lines. 


Let the equations of the three lines be 

Uj.r + 5jy-}'Ci = 0 
<7.,r47?2?/+C2=0 

n3-^'+'+Z/+C3=0 


...( 1 ) 

...( 2 ) 

...(3) 


The co-ordinates of the point of intersection of (1) and (2), 
obtained bj'^ solving the two equations simultaneously, are 


r6,c,— c.b. 


c,a„ 
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The three lines will be concurrent if this point lies on the 
line ( 3 ) i.e., if 


gEq X 


b.c, 






1 “|-&3 X , 7 

or OsibiC-i —+ bslCjOa” ^1^2) ’f' —^*1^2) 

which is the required condition. 


GfjC2 


4 -C 3 --O 


0 


Otherwise : If I, ^ three non-zero constants can be 
found so that 

l{aiX+biy-<rCi)-\-m(a^x+b^+C2)-]rn{aiX+b3y+C3)=0 ...(^) 

then the three straight lines are concurrent. 

For if (iTi, 2/1) be the co-ordinates of the point of intersec¬ 
tion of the firk two of the lines, we have 


ciiXi -t- b^yi “h Cl—0 

02^1 "t" ^22/id" ^2~ 0 

and therefore on account of relation (i) 


O3^’i+^32/:+C3=0 


This shows that yi) lies on the third line also. Hence 
the three lines are concurrent. 

Example. Prove that the right bisectors of the sides of a 
triangle are concurrent. 

Let A(xi yfj, B{x^ yf} and C(X3, y^) be the vertices of a 
triangle. 


The right bisector of the side BC is 

(x—+(y—2/2)^= (* “^3)*+(2/—2/3)* 

or 2x(X3-Xi,)-f2«/{^3-2/2)-l-X22-X32 + 2 / 2 ^- 2 / 3 ’‘ = 0 -(») 

Similarly other two right bisectors are 

2x(Xi - X3)+2«/( (yi - 2/3)++ Vs^—Vi = ^ 

and 2 x(X2- Xj)+ 2 y{y;,-yi)-]-Xi ^- •••(^”) 


Adding (i), (ii) and {in) we find that they vanish identi¬ 
cally. 

Hence the right bisectors are concurrent. 
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Exercise IV (b) 

1. Find the point of intersection of the straight lines 

(i) 4.t:-(-3?/=10 and 3a:-t-5^=13 

(ii) 3a:—2?/+l=0 and 2a:+5i/—31=0 

(in) / =1 and -‘^--(--^ = 1. 

a b h a 

2 . Find the area of the triangle formed by the lines 

(i) 3x+ij + 4 = 0 , 5a:—5y + 34=0, 3a:—2y+l=0 

(ii) y —x=0, y-\-x=0, X —c=0. 

3. Find the equation of the straight line : — 

(i) joining the origin to the point of intersection of 
4a:+3^ = 8 and x-\-y=l 

{it) joining the point (2, 3) to the intersection of 
2.r4-3^-f-1=0 and 3.r—4^=5 

{Hi) through the intersection of 3a:+2^=8 and 
5a:—lly+l = 0and parallel to 6x-f 13^=25 (1937S.) 

(iv) joining the point {x\ 7 /) to the point of intersection 
of the lines ax+b7j + c = 0 and a'x + b'7j+c'= 0 

{I93Si 

(v) through the intersection of the lines 3 x-{- 47/=7 and 
4a: —5^ + ll=0 and perpendicular to 3.r—2^=1, 

4. Find the equations of the altitudes and co-ordinates 

of the ortho centre of the triangle whose vertices are 
(1, 0), (2, -4), (-5, -2). (1943 S.) 

5. Prove that the following lines are concurrent : 

(i) a:3y“h o = 0, 4x*-j-6^—1=0, 3a:-j-5^^6 

(ti) 2a: —y = 5, 3a:—^ — 6, 4a:— y=l• 

6. Find the condition that the following lines may be 
con<*nrrent : 


(0 y^7Wia:+Ci, y^WoZ+C2, y^^m^x+c^. 
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0 may 


7 . Find the value of a so that the line a:— 61 /+^ 
pass through the intersection of the lines 

2 a;+ 32 /+ 4=0 and a:+42/+l=0. 

8 . Prove that the 

(i) medians of a triangle are concurrent, 

(ii) altitudes of a triangle are concurrent. 

Distance of a point fironi a straight line 

4 . 3 . Perpendicular distance of the point (xi, yi) from 

the straight line x cos sin oi = p. 

Let AB be the given line. Let 

OL be perpendicular on it from O. 

Then OL=p and ^LOA=a. Let 
P(a:,, yi) be the given point. 

Through P draw a line CDilAB. 

Produce OL to meet CD in K. From 
P draw PM perpendicular to AB. 

Let 

Now as OK is perpendicular 
to CD which is parallel to AB, the 
equation of CD is 

X cos cc-\-y sin oc=Pi 

The point P(a;i, y^) lies on (1), 

Xi cos a -fj/i sin oc=p^ 

Perpendicular distance of P from AB is PM and 

PM=KL=KO-LO=pi-p 

—Xi cos cK+J/i sin a —p. 

f 

Thus it follows that when the equation of a straight line 
is given in the form 

X cos oL+y sin a—p=0 

if the co-ordinates of any point are substituted for x and y in 
the expression on the left-hand side of the equation the result 
represents numerically the distance of the point from the 
line, y 

Perpendicular distance of the point (xi, yi) from 
the straight line ax+by+c=0. 



...( 2 ) 
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Let the equation 

ax-{-by-\-c=0 

be so written that c is a negative quantity. This equation is 

reduced to perpendicular form by dividing it by Tt 

theretore becomes j v t . iu 


ax 


-f- 


by 


where cos a — 


a b 


0 


/ “o , -JO } Sin. (X — __ Y) 


The perpendicular distance from y') 

=x' cos a + Z/' sin a—p 

ax' + -{-c 


^a^-\~b 


2 


Thus the length of the perpendicular from (x', y ) on 
ax+by+c^O is obtained by substituting x' and y'for x and 

y in the left-hand side of the same, and dividing the result so 
obtained by the square root of the sum of the squares of the 
coefficients of x and y. 

Cor-1. The length of the perpendicular from the orifyin 

c 

on the line ax~]-b?/ + c = 0 is . ^ * 

4.2- The result of the preceding article can also be 
obtained independently as follows : — 

Let AB be the line whose 
erjuation is a.r4-6//+c = 0. Let 

//i) be the given point. Draw 
perpendicular to AB. Join 
BA and PB. 

The co-ordinates of the point 
A, where AB meets the x-axis are 
obtained by solving 

«x + 6//+r^0 ...(!) 

and simultaneously. 
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Putting 2/=0 in (1), we get 




or X 


"C 

a 


4 4 


A is 


a 


,0 


Similarly B is ( 0, 

Now area of the AABB 

2-AAPB 


JAB.MP^iAB-i? 


or p 


AB 


The vertices of the APB are 


a 


, 0 , 0 , 


(^1, Vi) 


/. its area=^r 


C“ 


CXi 

ab ' b 


cyi 

a 


] 


•2a6 


Also 


AB 




2 




6^ 




* « 


from (2j we get 


p= 2. 


a6 


2ab 


f I 


.( 2 ) 


_ctXi ~^by^+_c 

\/ a“+6^ 

Example 1. Find the length and the equation of the per- 
pendicular from the point (i, — 2) on the line 3y=4x—5. {1949} 


The equation of the line can be Avritten as 

3p—5=0 


• • 


The length of the perpendicular from (1, 

4-1-3(-2)-5 


...( 1 ) 

- 2 ) 


V 42 4 -32 


5 

5 


1 


1 * 



















60 


CO-ORDINATE GEOMETRY 

The equation of any line perpendicular to (1) is 

3x4-4yi-t=0 ^(2) 

As the point (1, —2) lies on (2) 

3 — 8-)-/i:=0 or k=5. 

,. the equation of the required perpendicular is 

3a:+4y-f5=0 (3) 

Note. The foot of the perpendicular from (I _oj „„ 

given line can be found by solving the equations (f) and ' 3 ) 
simultaneous!V. v y iiu ,o; 

I. 

Example 2. Find the foot of the perpendicular from (3 1 'i\ 

on the line 2j:->r-^y~32=0. ' ’ ’ 

Equation of the line passing through (.3, 13) and perpendi- 
cular to 2.r-f-3y-32=:0 is 

or 3(.r-3)-2(y-13;=:0 

3 r —2^ +17 = 0* 

The foot of perpendicular is the point of intersection of 

2.id”32/ 32 = 0 ••’{i) 

and 3.T-2y+17 = 0 ...(fi) 

iSolving (i) and (ii) simultaneous!}’', Ave haA'e 

... -L_ y_ _ 1 

51—64 


96 - 34 


4-9 


or 


;r 


y 


1 


-13 - 130 “ 

*r=l and ?/=i0. 


13 


a !n 


Hence the foot of the perpendicular is (1, 10). 

£xAiiiple 3. Find the distcinoe hctwceyi the pumllel lines 

SX'-^-'^n — 5 = 0 

and 6.r + S^-45 = 0 .‘.*.‘( 2 ) 

(1947) 

IJie distance between two parallel lines is the distance of 
point on one of the lines from the other. 

Putting ^ = 0 in (1), we get a*=f. 

/, (|, 0) is a point on (1). 
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♦ 


Its perpendicular distance from ( 

_|x6+0—45_ _J 5 _ 
" “ ^ 62+82 ”” 10 “ 


2 ) 

I (numerically) 


which is the distance between the two lines. 

Exercise IV (c) 

1 . Find the perpendicular distance of the point 

(i) (2, —1) froin the line 3.r—4y=5 
{ii) (1, 1) from the line 3.r4-4?/+8=0 
(m) (6, a) from the line a(x—a)=b{y^b) 


(iv) (6, a) from the line 

(r) CO, 0) from the line h{x~\-1i]-\-k(y~\-lc) = Q. 

2 . If p is the perpendicular distance of the oriein from a 
line whose intercepts on the axes are a and b show that 



3. (i) Find the length of the perpendicular from the point 

(2, 3) on the line 3x—4?/+13=0. 

(u) Also find the co-ordinates of the foot of the perpendi¬ 
cular. 

‘ * 

{Hi) And the equation of this perpendicular. 

4. Find the feet of the perpendiculars from (1, 1) to the 
Ihies a;—2y-^2=0 and 2^;—2/-l-l=0.' Also find the length of 
the perpendicular from (1, 1) on the line joining these feet. 

A 

% 

5. Find the lengths of the altitudes of a triangle whose 

altitudes are (0, 0), (1, —1) and (3, 2). (P.C7. 1938) 

6 . Find the distance between the parallel lines 

(i) 3a;-f4?/H-15—0 and 3a; + 43/—9=0 

(ii) 3x'+4^—5=0 and 6a;4-8^—45=0 IP.U. 1947) 

(iii) aa:-f-6y-f c=0 and aa;-f-6^-j-c'=0 

{iv) y= mxA-c and y=mv-\-d. 


(P.U. 1944) 
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Find the points on th© line 2 /—^ which are at a dis¬ 
tance of 5 units from the line 

4x-f-3^—1=0. 

8. Find the equations of straight lines parallel to 
3.r-f-4;y=7 and at a distance 4 from the point (2, 1). 

!,». Find the point on the line 4.r-l-3«=l which is iiearest 
to (2. 6). 


10, Tlie equations of the sides of a triangle are 3.e-|-2/—4 

_ 'lit ^ I o 1 ^ rl *5 V* ^ i L ■ 1 i 4 ^ 4- L. ^ 1 „ ^ 1 n ± 


CK Oipi ^ ^ 1/ 

altitudes. 


34 — 0 and Sx — — 0. Find the lengths of tho 


4 4. Position of points with respect to a line* 

Tiro poiiifs P yp, and Vi) same or oppo¬ 

site sid< s of the line axpbij-^c = 0 according as the expressions 
axi-r-lnp^c and ax,-\-by.^~c have the same or opposite signs. 




ij‘t the line FiPo meet the given line in R. 
Fjl*., in the ratio nty : m.y 

r W.vTi 

Fiivn tlie (‘O'-ordinates oi n are ( —^—=— 
R lies on the uiven li 


i a 


or 


a 




m 


/// 


11 


m 


1 'T 


m o 


mi{ax.. -r hi/n 4-e) -j- /«2(+ bjfy + c) — 0 

ftiy _ axy- hyy^r 

///o 


a x.^ -r by .2 -r c 


Let R divide 

fn I -p m2 J 
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( • 


If Pi and Pg lie on the opposite sides of the given line 


m 


(Fig, 1), then — is positiv^e as R lies between Pi and P 2 in 


Q 


that case. 

Hence the expressions axi + 6^i+c and must 

have opposite signs. 

But if Pi and Pg lie on the same side of the given line 

T)X 

(Fig. 2), then ^ is negative, as in this case R does not lie 

mo 

between Pi and Po. 

to 

Hence the expressions ax^-\~hy^-\~c and ax^-\-bij.j-\-c must 
have the same sign. 

Hence the points (Ti, ^i) and y.,) lie on the same or 
'Opposite sides of the line a.r-h6//4-c=0 according as ciXi~\-hyi ~{'0 
•and ax 2 '{'by 2 ~{-o have the same or opposite signs. 

4 . 5 . Bisectors of angles between two lines. 

Let the equations of the lines be 

The equations being written such 
j)ositive. 


...( 2 ) 

that Cl and C 2 are both 



1 
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Then the length of the perpendicular from P on the two 
given lines is the same. 


a.x-r- b -^1 /—- :^ _ ^ a^x b^y->rC, 

V ^ ^ v~ra7^2’-) 


...(3) 


The two bisectors are 

a^x+b^y^Ci 


I 


pxb 2y -r c 




...(4) 


and 


a^x 


boy 


OiX~\-b^y -{-Cl 




...(5) 


Note. Sometimes we have to distinguish between the 
bisector of the acute angle and that of the obtuse angle. This is 
done by taking one of the bisectors (4) and o3). and finding the 
angle that tnis bisector makes with either of the given lines. 
If the angle is less than 45^. then the bisector chosen is of the 
acute an^le. Otherwise it is of the obtuse angle. 

O 


4.51. The bisector cf the angle in which origin lies. 

Let the origin Ihll with n the angle ALC. Then the per- 
j>0Mdieulars to the lines from any point within the angle ALC 
will have tlie same sign as tlie perpendiculars from the origin. 


Now since c^, Cg are both positive. (tiX + b^y-rCi and 
cux-^b.^y-^r., are both positive for the points w'ithin the angle 

ALC, ■ 


* The equation of the bisector of the angle ALC, in 
which thev lie, is 

M,. 

a^x + 6 ,/y-rCi _(ux-^lhy-^„ 

and the equation of the bisector of the other angle is 

a i.r n-b^y + c^ ^ Uo.r-f b^y -j-c., 
sj a“-\-lr V^^2“+^2“ 

£xamplo 1» Find the equation of the bisector of that* 
angle between the lines 3 .t-- 4?/-f-/ =0 and 4^ 3?/ 1^ ^j* 

which contains the origin. 




















THE STRAIGHT LINE —(CONTD.) 


55 


The equations can be written as follows after making the 
constant terms positive 

3x-4:yi^ 1=0 .. ( 1 ) 

-4:x+3yi-ll=0 ...(2) 

Then the equation of the required bisector is 


3x —4?/4-7_ ’^i:X-\-3y-\-\l 

5 5 


or 7;p_7y_10=r0 

Example 2. Pind the equation of the bisector of the acute 
angle between the lines 2x—y-~4t=0 and x—2y-\-i0=0. 

The equations of the two given'lines are 

2x—y— •• (1) 

X —2?/+10=0* --(Sj 

The equations of the tAvo bisectors are 

2.T—1/—4 _ _^x~2y-rl0 

i.e., .Trjy—14=0 ...(3) 

and 3x—3y"}“6=0 ,..(4) 

Out of these two bisectors, we have to find which bisects 
the acute angle between (1) and (2). 


Let 9 be the angle betw een (1) and (3).. 


Then tan 9 


2 . 1 — 

24-i:(-i)' 


/. 9 is greater than 45"". Hence (2) bisects the obtuse 

angle between (1) and (2). There (4) is the bisector of the 
acute angle between (1) and (2). i.e , the required, bisector is 

x—y+2=0. 

Exercise IV (d) 

1. Examine whether the points (4, 2) and (3, —4) lie on 
the same side of the line 3x-f 2y=5 as the origin. 

2. Show that the origin lies inside the triangle whose 
vertices are (1, 1) (—3, —1) and (2. —5). 

3 Show that the points (1, 1) and (2, —1) lie on the 
same side of the line 2a:—5y+7=0, whereas points (2,-1) 
and (3, 4) lie on the opposite sides. 
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-t. ;Fiml the locus of ca point which moves so that the 
perpendiculars drawn from it to the lines 


(0 3.r-|-4?/=5 and 12.r — 13. 

(u) X cos oi + y sin a=p and x cos B+y 

equal. 


5. Find the bisectors of the angle v. 
origin between the following pairs of the'^Iines : 

(0 d.r-f4?/ — 27 = 0 and ox —12^—16 = 0 


(P. U.) 

sin are 

(P. U, 1942) 


hich contain the 


Hi) 2x~ 
(Hi) 


y+ 2 = 0 and .r-f- 2^4- 7 = 0 
y~ 7 = 0 and //— 5^-f- 7 = 0 


0. Find tlie bisector of the acute angle 
folloA\ ing ])aij*s of lines ^ 

(i) 4/y™ ] 2 = 0 and o.r—12?/—6i.?=0 


between the 


(ii) 


*■ > 

I *}.i 


(? / ?) 12 ..- 


4/y -- 13 Hand 12 r — oy — 32 = 0 


’// 


4 and 24?/—7.r 


t) 


/, Find tlie incentrc of the triangle formed bv the lines 
//4-1--0, 4.r—3?y —7 = 0 aiufST - 15j?y-f-49 = 0. 

Revision Exercise I 

1. A line is of length 10 and one end is at the point 

abscissa of the other end be 10, prove that its 
ordinate must ho 3 or —9. 

2. Prove that tlie points f2, —2), (8, 4), (o, 7) and(—1, 1) 
are the angular points of a rectangle. 

iov . , 

) is the centre of the 


3. Prnve that the point 


-1 

14‘ Uj 

circle circnniscrihing the triangle whose angular points are 
(1, 1), (2, 3) and (~2, 2). 


4. The line joining the points ( — 6. 8) and (8, —6) is 
divi<led into four equal parts. Find the co-ordinates of the 
p)oints of section. 

d. Prove that the co-ordinates .r and y of the middle 
point rif the line joining the point (2. 3) to the point (3, 4) 
satisfy the equation x—?/+l=0. 
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^ e M the eenteid ot the triangle whose ahgolar points 
arp- i?: -^1-’. 4) and <«■ -> 

pectU"' “■“• 

p ectively. Prove that 

AABC=4ADEF. ^ 

8. A point moves so that its _ equation of its 

, is half its distance from the origin. 

locus* . j^dhQnpp ■prom the axis 

9. A point moves so that twice it _ ^ ^ ^ ^ 

of 1 /exceeds its distance from the axis ot a, bv 

Cits which are at a distance 5 from (3, 4) 

and at a distance 13 from (5, 12) 

11. Prove that the ^tTaight line vh h the 

tan-i 5 with the axis of .r, and winch cuts the 

point (0, —5) passes through the point it, ;• 

12. The equation a;fi/ + 5=0is equivalent to 

Stt . _S 

X cos -^ +1/ sin ^ , ^2 

K 1 lOir 9fi—0 is written in the 

13 . When the equation 5a; + 12 i/--o-^ IS 

form 


2 ) 


.r cos a+i/ sin a-p=0 find the value of p. 

14. Prove that the line through the points (5, 0) (0, - 
•asses also through the points 

(15, 4) and (-5,—4) 

15. Prove that the line 2/-a:+2=0 cuts the line joining 

3 , —1) and (8, 9) in the ratio 2 : 3. 

16. Prove that the line through the two points (9, 3) and 

cuts off equal intercepts from the axes. 

'^17/ Show that the four points (0, 0) ( — 1, 1)> 77^) 

rfarein the four different' compartments made by the two 

raight lines 

2a:—3t/+l=0 and 3*—52/+2=0. 
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piaz. L tiY 

co-ordinates of whSe vertiJefar^fl '^>"(2% th^ 

Of 4- the lines through (2 

o ''ith the line e ( , ) which make acute angles 

oj !?• 7 i, ‘^•^~5p+5=0, 

from ii 7^"*^ perpendicular distann«.« ^r *u 

irom the lines • distances of the point ( 2 , 3 ) 

„ *^ — 3^ ” = 0 , 5a’+ 1’1)/ oo , „ 

22. Find the eciuatior^ f ~ ^ 3a;+47/—8=0. 

^ ss: <iz 

point ;fintiseclionTm^^^^^ (1-1) to the 

3.7-^4y-2=0 and a-2^+5=o. 

Fine! thejiiea of the triangle formed hy the lines 

•» —0, ?/-pa-=0, .T—c = 0. 

Snow that the area of the triangle foi-med Kt, it. i- 
-^1, !/=^nu.v-i-c^ and x=^0 is ^ 

1 fr, —Cj)- 

*> * 

^ tricinffl0 is former] 4-1 i* 

_•< —11 . 1 .. .. .5 t )3 the lines 3x + 4y—6=0 


24. 


25 


y=niix 


26. 

12x- .5^—;s=0 and 4.r — 3 7 /+ ]2 =0 Pn'i 6=0, 

of the vertical angle opposite to the side 3x+V-6=a 
line AB rnm es^fu^^tlat 04 

midrlle jioint of AB. ' , OB —t.. Find the locus of the 

orig^ on^r/iU'': ^rah™ 

.>9. RnOhe^^„n. f e™„gfe .hose 

•jn 17 * A . 36=0 and a:=0. 

tte oHhoeentre of th. triangle whose sides are 

y—'-^y -y=x and .v + y.f.g=o. 
















CHAPTER V 

the circle 

5.1. Definition. The circle is 

noves in « S centre, constant dis- 

■mstanf. The fixed point is called the centr 

ance, the radius of the circle.. centre 

Hence a circle is specified when the position of 

ind its radius are known. 

v/g 11 . The equation of a circle, its centre and 

being gwen^^^ t) be the centre and a the 
radius of the circle. 

Let 'P{x,y) be any point on the circ e. 

ThenPC=a or PC“=f 

But VC^={x-hf + ly-Jcy 

Hence the equation of the cn cle is 

{x—h)-ir('y^fc)-=a 

5 12 If the centre of the circle is at the origin, h^k^O, 
and, therefore the equation of the circle is 

This is the simplest form of the equation, 

5.13. To prove that the equation 

a- +2/* + 2!7.r + 2/1/+c=0 

represents a circle and to find Us centre and radius. 

The given equation may be written as ^ 

4 - 2gx-yg^ )+{>/ ~ Vy +/ “)= 9 ^+/^ ~ 

ThU shows that the distance of any point (x, y) on the locus 
frcJ jte fad point (-P, -/) is constant-and eqpal to 



...( 2 >' 
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circle »bose Sentre is "(-f"’™ ®')““Won is a 

Ti.e.e a,, .b.ee plsitiii.it ” 

(«) If g-+p-c is positive the locus’.^ o . • 

point cirde^. ''^'^'shes and locus is a 

negative, the locus is an imaginary 

In order tInU mrcrpmiot m ^ ® ««!«• 

possildc to u rite it in lonn (1) JanKr-"?,'^ be 

T T m * J I • 

Jlcnce if an * 0 ; > / 

. J < wn to represent a circle : 

Dinst je of the second degree, 


iu) th co.rjpeicnts of and >f- should he equal 
' 'n, S lould hr no term involving the product 

m 4 


xy. 


Note.— The e(|nation x--x-,fi j... ^ or,, < ^ . 

the uencral Cf|ii ttion of a cirdc' T./h • ®s 

■in-ie ,.;,ssss ,i„,,„„,, „,,.">'* ''i''«ion if e=o, th. 

„ ,, fi'“‘ "'“I "Kliiis of til. circle 

or//-unit\- ^'in-'tion b\ J to make the co-efficient if 


Example 1 


i.e. 


I ^ 


//--f 4.r-h6,, 



0 


I’he co.oidinato.s of the centrr. no,.- o.. i a • 
the co-ellidt.nts of .r .,. 11 ! v b-- > .1 J obtained by 

// — - rea^X)e( tiveJy 

i licy are (■—i!, _ 

and radius-=yy-.i:i./.l> ./4- f,:_p_o_ 

an,I 2. Find the ecMiation of a circle havimr 

an.l coneentr.c w,th the < i.cle .d+yii^s^GyVKo ° 

Tl.,. centre of the given circle is (4. -3). 

This IS also the centre of the required circle. 
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Hence its equation is 

(a;—4)2-i-(2/+3)2=9 

—S-T-j-Oy-l-16=0 


or 


Second Method. 

the given circle is 

x^--y- 


Equation of any circle concentric with. 


Sx+ey+k=0 


..( 1 ) 


Radius of circle (l)=\/16+9—A; 
But its radius =3 


* • 


or 


V16+9-A'=3 
' 25 —A’=9 


or A:=16 


the equation of the required circle is 
.-^2-|-y 2 _ gx-1-6y+16=0. 

5.15. The general equation of a circle 

x^- + y-+2gx + 2fy + c=^0 

contains three arbitrary constants g,jy c* Hence to find the- 
equation of a circle, we must know the values of these constants.. 
But to determine the values of three constants, we require three 
independent equations involving them, each equation being an 
abebraical expression of some geometrical condition about the 
particular circle. Hence a circle is fixed if three independent 
conditions about it are known. 

Example 1. Fmd the equation of the circle which passes 
through the points : (2, —1) ; (2, 3) ; (4, —1). 

Let the equation of the circle be 


x'ij.f-\^2(jx+2fy^c=Q 

Points (2, —1), {2, 3) and (4, — 

5+40r-2/+c=O 
13 + 4c?+6/'4-c=0 
17 + 8gr-2/+c=0 


..( 1 ) 


1) lie on the circle. 


...( 2 ) 

...(3) 

...(4) 


To find the values of g, f, c, we have to solve these 
equations simultaneouslj'. 

Subtracting (2) from (4) 


124 - 4 ( 7=0 or <7 


3 
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Subtracting (2) from (2) 

® + 8/=0 or /= —1 

Substituting the values of / and g in (2) 

5-12+2+c=U 

or c=.T 


...(6) 


...(7) 


x--^rj 


Hence the required equation is 

•'r‘+.V--6a--2?/+5=0. 

Ih^9'^atiori of the circle which passes 
9 [i, 1) and (2, 2) and has a radius of one unit. 

Let the equation of the circle be 

2 ^^+ 2 // y +,-=0 

Points (1, 1) and (2, 2) lie on the circle 

2+2^+2/^c=0 ...(2, 

and 8 + 4^4.4 /^c= 0 Hi 

ill 

Also the radius is 1, 

lo solve tile equations 2, 3, 4 simultaneouslv. multiply (21 
by 2 and subtract from (3). ‘ ^ ' '' 

e get 4 — c = 0 or c=4 ^ 5 \ 


Substituting tliis value in (2), we get 

2-f2(/ + 2/+4-0 

/=*-(r/ + 3) _ (gy 

Substituting in (4), the values obtained in (o) and (6) 

i7“ + (f/~3)2-~4r=l 


or 

-17“-i 

|-0^+4 = 

=0 

or 

O 1 

17“ ^ 

-3^+2= 

= 0 

and 

£7- 

] 


•> 

wdien g 

-1 

m g 

- 

O 



or 

Hence from (6) f—~ 

and /=- —1 Avl 

Theie aie two sets of's alues of /* and Hence there are tw'^o 
circles satisfying the given conditions. 

The required equations are 

•r ■-r//■— 2x — 4//+4=0 

and x-+y2_4a:_2„4.4=o. 
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Example 2. Find the equation of the circle which passes 
through the points {4^ 1) and (6,5) and has its center on the tine, 

4x-1-2/—16=0. 

Let the equation of the circle be 

x^+y^+2gx+-2fy+c=0 ...( 1 ) 

Points (4, 1) and (6, 5) lie on the circle. 

17 + 8^+2/+c=0 ,..(2) 

and 61-f 129 r+ 10 /+c =0 ...(3) 

Also, the centre (~g, —f) lies on the line 4x+y—16=0 

—4gr—/--16=0 ...(4) 

Equations 2, 3, 4 are to be solved simultaneously for /, g 
and c. 


Subtracting (2) from (o), we get 

44+4^+8/=0 ...(5) 

Adding (4) and (6), 28-{-7f=0 

From (4), g—~Z and then from (2), c = 15 


or f 


4. 


Hence the required equation is 

x^^y^ —6a?—8?/4-15=0 

5.16. The equation of the circle on the join of A(xi, yi) 
and B(x 2 , y 2 ) as diameter. 

Let P(j?, y) be anj’' point on 
the circle. 

/.APB is a right angle being 

1 • O c? O 

an angle in a semi-circle. 

/. PA and PB are per¬ 
pendicular to each other. Hence 
the product of their slopes is —L 

The slope of PA 

x—x-^ 

The slope of 

x~x. 



B 


• ♦ 


y—Vi ^y-Vz 


-1 


« • 


X — Xi X—Xo 

{y—yi)(y-y2)=—{^—^i)(x—x2) 
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{x^Xi){x~^X2) + iy~~yx){y-~y^)=0 

which is the required equation. 

Exercise V (a) 

1* Find the equation to a circle whose 
{i) centre is ^3, — 2) and radius 4. 

(ii) centre is (a, a) and diameter a. 

(nt) centre is (3, —5) and which passes through (1, 2). 

—. Find the centre and radius of the circle 
(i) —49:^0 

(ii) 6^ —24 = 0 

0,^ + 2^^^-12.r4-16^ + 18 = 0 

(iv) .r- + y‘ — ax~by=0 

(v) a-“+^- + 2,r+l = 0 

(r 0 3.r" -p 3//- — o.r — 6 ?/ -f- 4 = 

(rii) r),r- 0 // 2 -L4.V-8//-16 = 0 

(viii) 4.r--f-4//-= ]2a.r--6a?/4-U". 



3. Find the equation of a circle whose centre is 2, 3 and 
wlm h passes through the centre of the circle x- + 2/'^~4:X + 7=0, 

4. Find tlic equation of the circle whose centre is (4, o' 
and whose ciia-umference passes tlirouorh the centre of the circle 


t). Find the eejuation of the circle which passes through 
the centie of the circle .r’-j-y“-|-8.r+10^ — 33 = 0 and is concen¬ 
tric with .r--h/r —4.r 0. 

G. find the equation of the circle whose 

(/) centre is (2, 3) and which touches the line 

3r-r-4//-hl^ = th 

ill) centre is i4. o) and which touches the line 

*)a* F 1 *i^y F11 0. 

7. One end of the diameter of the circle 
x-+ir-Sx— 10//F 1 is ( — 2, 3). Find the other end. 














THE CIRCLE 


65 


8. Find the equation of the circle which passes through 
the points : 

{i) (1, 2) ; (2, 1) ; (0, 0) 

(ii) (0,0) ; (0, 3) ; (-4,0) 

(in) (2, 3) ; (3, 2) ; (5, 1) . 

{iv) (1, 2) ; (2. 1) ; (2, 3) 

(v) C—3, 4) i (-2, 0) ; (1, 5), 

(vi) (1, 1) ; (2, -1) : (3, -2). 

9, Find the equation of the circle which passes through 

the points (0, 0), (a, 0) and (0, 6) ; find its centre and the 

radius. [P.JJ. 1945 S) 

^ 10. Find the equation of the circle circumscribing the 
triangle whose sides are 

a;+2y=0, a:—3y-rl::=0, 3.r+y —5=0. 


(P.C/.) 

(P,C7. 1936) 
(P,U. 1937) 
(P.U. 1911) 


11. Find the equation of the circle whose diameter is the 
line joining the points : 

(i) (3, 4; and (2, -7). 

(ii) (4, -3) and (6, 3). 

(iii) (a cos 6, b sin 6) and {—a sin 0, b cos 6). 


12. Find the equation of the circle which 

(i) passes through the points (2, 3), (4, —1) and has its 
centre on the line y—\. 

(ii) passes through the points (—1, 2), (3, —2) and has 
its centre on the line x=2y, 

(iii)'passes through the points (a, 0), (0,6) and has its 

centre on the axis of x. 

13. Find the equation of the circle which passes through 
the points (2, 3) and (6, —1) and whose radius is equal to 4. 

14. Find the equation of the circle which 

*{i) touches each axis at a distance 5 from the origin, 

(ii) touches each axis and is of radius a, 

>^ii) touches both axes .o£<<f and passes through the point 
(-2, -3), 
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(iv) touches the axis of x and passes through the points 
(1, —2) and (3, —4). 

15. Find the equation of the circle which passes through 
(1,0) and (2, 0) and touches the line y=x, 

j 

16. Find the equation of the circle which passes through 
the origin and the point (2, 1) and touches y~x at the origin. 

{F,U, 1944) 

17. Find the equation of the circle which passes through 

(4, 0), (9, 0) and touches y=^2x, {P,U. 1943) 

Tangents and Normals 

0 ‘2. Tangent. Def. Let P and 

Q be any two points near one another, 
on any curve. Join PQ ; then PQ is 

called-a secant.. 

Let the secant PQ be rotated 
about P. .so that the .secr)nd point of 
intersection Q gradually moves up to 
P along the curve. The limiting posi¬ 
tion of the line PQ when Q linalh' tends to coincide with P is 
called the tangent to tlie curve at P. 



Thus a tangent is the limiting position of a secant when its 
two ])oints of intersect ion coincide. 


The point P is called the point of contact of the tangent. 

Normal. 77/c straight Hue through th<^ point P {m the point 
of coniad) p>:rpen<Ucalir to (he tangent at P is called the normal 

to the curve at P, ‘ 

- ^ • 

^ 5.21. Equation of the chord of a circle joining two given 

points on the circle 


Let P(.f,. y/i) and Q,(.r.,, //.) be the two given points on the 

cirelc. Then as the points lie on the ch-eIe..r-+?/-=«^ 


ry I O 

•vr+.'/i- 




-> 

a“ 



Subtracting (2) from (1) 

(a'l"—(yr !Ji~) — ^ 










THE CIRCLE 


67 


or (xi—.r,) (Xi+Xo) = — (?/i—2/2) ( 2 /i+ Vi) 


or 


Xa 


Hence the slope of 


Z/1+Z/2 


...(3) 


PQ 


Vi- y- 


X 


X2 


.X’l -|- ‘^2 

yi+y2 


^ • 


the equation of PQ is 


y—Vi 


.T|-|- .t’o 


(a;—0:1) 


...( 4 ) 


yi T ih 

5.22. Equation of the tangent to a circle at a given 
point. 

Tangent has been defined as the limiting position of the chord 
PQ as Q tends to coincide ^vitli P i,e., as and 

' Then equation ( 4 ) of the preceding article becomes 


y-vi 


Or 

w o J 


(x —Xi) 


or y—yi = — , 

i/l 

or yiji —2/1^ = — xxi+Xj- 

or yyi+xxi=x^-\-n{-=a:- from ( 1 ) 

• which is the required equation, 

5 . 23 . Equation of the normal at a given point on a 
circle. 

The tangent at P(a*i, 2/1) to tiie circle x^-\-y“=a^ is 


• m 


tangent 


* 

* • 


Slope of ’the tangent = ‘ ^ 

Vi 

Slope of the normal which |is 

* 

the equation of the normal is 


perpendicular to tlu'. 


* 
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or yx^ — ^y \— 

or xy^^^Jx^ — 0, 

Note. It rotiy be observed that the normal passes throusrh 
(0, 0) the centre of the circle. ^ 


5.24. In case the equation of the circle is given in the 
general form 2/^ + c ^0, the equations of the 

tangent and the normal at any point P can })e obtained by 
following precisely the same procedure. 

Take Q(.To, ^ 2 ) other point on the circle. 

P and Q, lie on the circle, 


-h ?/i 2 + '2gx^ -h 2/-L c -- 0 


a nc 1 .^ 2 “ ~r ^ 2 " "H -/y 2 ^ ~ ^ 

Subtracting (2) from fl) 

- •^’>“) + (^ 1 " - Uz ) + - r.,) + 2 f(yi - 

or (aq - T2)(.r 1 + aq -h 2 g)+ {y^ y^^{y^ + ^2 + 2 /) 

• « 

•»'i- 


...(n 

...( 2 ) 


ya) = 0 
=0 


-f- '2g 


X.y 


yi-ry.T-/ 


..(3) 


Now slope of PQ = 


Vi - Ih 


.7" 


1 


.To 2u 


X 


2/1+Z/2T'-/ 


.the equation of PQ is 


y~y\ 


.ri-p,ro4-27 , . 


.(4) 


Vi ~f y^ +^7 

The cliord PQ becomes tangent to the circle at P : if Q 
moving along the curve tends to coincide with P i.e., if oc^r^Xi 
anfl iJi-^yi^ then equation (4) becomes 


y - Ih ^ 


'lx^ -r 2g 


or 

or 

or 

or 


-^i-f2/ 

f/X.T-Ti) 


yih -f -^fy 7 f/.r .^ 1 “ + yi“ +/yi + gx\ 

by adding f/.ri-r^ to both the sides 

VVi + -^/y+/y 1 + (JX + 9X1+c=Xj^+yi-+ 2 /yi +gxi-\-c 

or by (1) 

' ifj-i+w»/i+.<7(K+‘^i)+^(y+yi)+c=o ...(5) 
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-which is the equation of the tangent at y^- 
Now the slope of the tangent at (xi, 

_-g i-fg 

2 / 1 +/ 

the slope of the normal 

_2/i+/. 

Xi+fir 

the equation of the normal is 

I 2/i+/ ™ ^ 

2/-2/i=+ 

2 ^ 2/1 

2/i+/ 

It may be seen that the normal given by the above equation 
passes through the point {-g, -f) i.?., the centre of the circle. 

Note. The equation of the tangent to any circle (or any 
other conic) at a point (xj, yi) is written as follows 

In the equation of the circle (or the conic) write xxi and yt/i 
for and y^ resqtectively, and x-i-Xifor 2x and y+yifor 2y, the 

constant term being kept ntichanged. 

■■ 

5.25. The equation of the tangent at a point {x■^, yf) on 
the circle x2+?/2-j-9j^xi-2/y+c=0 can be formed by following 
method also :— 

Now 


cos 0 sin Q 


is any line through P (.^i, yi). 



The distances from P of the points of intersection of the 
line with the circle are the roots of the quadratic 

r2+2r { (xi+g) cos @+( 2 / 1 +/) sin 6 } 

+ '%H2/iH2gXi+2/2/i+c=0 ...(2) 


Since (xj, yf) lies on the circle the last term in the quadratic 
is zero and, therefore, one of its roots is zero. 
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other root will also be zero and, therefore the line tn 
^Mll be tangent to the circle if ’ ^ ^ 

Oi+y) cos sin 61=0 ...(3) 

This erjuation gives tan 9 , i.e., the slope of the tanaent to 
the circle at (.Ti, y^). ^ ^ ^ 

Eliminating © between (1) and (3) we get the equation of 
the tangent in the form i cu oi 





(.r - .r j)(.r 1 -f 5,)+(y _ ) (y^ _ ^ q 

or x.i\ 4 - 7 jy^ + gx-j-f// —— gx^^ =0 

or xx^ ?/?/i + gx-l~fi/=: x^" +y gxj^ +/yi ... (4) 

Now adding gx-^+fif to both sides of equaiion (4) we 

have as the equation of the tangent 

1 - yi/i+g{:^ 4- Ti) d-f(y+!h)+c=o 

In like manner we can show tiiat equation of tansrent at 
O’n l/i) the circle x^-\-i/-~a- is xx^-f-yy^—a- ^ •••(^) 

5'G. Parametric equations of a circle- 

It is often possible to express the co-ordinates of a point 
(jin a curve in terms (>f a single variable such tliat the equation 
ol i he curve is identically satisfied by these co-ordinates. 

Sucli co-ordinates arc called parametric and the single 
variable is called the parameter. 



Let the equation of the circle be 
-T(f~ s\ir 0~fr for all A^alues of 
Or the point (r/ cos 0 , o sin 
lies on the circle. 

The equations 

X = (l cos 0 
y = a sin 0 

are the parametric equations of 
tlie cii’cle and 0 is the parameter. 

5*61. To find the equation 
of a chord joining two points 0j 
and 0o .. 

Tlie chord joining the points 
(a cos Oxt a sin 6 x) and (a cos 0^, 


u“. Since a- cos“0 
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a sin 62 ) 


i,e 


•5 


y-a sin 01 ' __ x-a cos 61 

a sin 02 —a sin 6»i a cos ©o-® ^os ©i 

(a:—a cos ©i) cos sin ©0 


Sin 


2 


©l + ©2 ... 6 Ii + ©2 p 

or X cos-- \-y 2 


© 1 -© 


o 


5'62. The equation of the tangent at ©1 is obtained by 
putting © 2 =©!. 

The tangent at ©1 is x cos ©i + y sin ©i=a. 

The equation of the normal at ©1 is 

X sin ©j —y cos ©i =0 

Example 1. Find the equations of the tangent and the 
normal to the circle x'^-\-y-=25 at the point (3. 4). 

The equation of the tangent is 3.r4-4?/—25=0. 

The equation of the normal at (3, 4) is 

4 x—3i/=4(3)—3.4=0. 
or 4a:—3y=0. 

Example 2. Find the equation of the tangent and the nbrmal 
at the point ( 2 , — 2 ) to the circle 

x~-\-y~ — 6 x — Sy—2—0 

The equation of the tangent at ( 2 , -- 2) is 


a:x2+i/(-2)-3(a;+2) 


-3 


i.e., 2x-2y-3x-&—hj+Z-2 
—x—iy—o=Q 
or 2a:+7y+10=0. 

The equation of the normal at ( 2 , 

7 (a:— 2 )- 2 (y+ 2)=0 


(i/-2)~2=0 


0 


2 ) is 




7a:—2^—18=0. 
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i/f: r?r 

3x~4y~7=0. 

Any St. line parallel to the given line is 

3a:—4y-f-/i;=0. 

O O i n - T 


Hence 

t^/ 3-+^/42 

. 7c=31 or —19. 
Hence the two tangents are 

3.1—4yJ-31 =0 and 3a:—4y—19=0 


i.e., 7 - —6 = - l 2 o 


Find the ec 


1 


o 

X“ 


if 




rir~ 


«> 

o. 


,.2 - 


x~ -p //- — 

abscissa is In 


Exercise V (b) 

juations of the tangent and normal to the circle 
-1.‘> at the point (2, 3). 

t).r-p4^ — 12 = 0 at the point (6, 2). 

14 a — 4//—.5 = 0 at the point (2, —1) M^hose 


4. 



o 


a- 


the equations of the tangents to the circle 


7r = 9 which are parallel to the line o.r+12^ 


6 . 


) 

‘"I 


(P. V. 1938) 

^ ^ I ind tlie etjuations of the tancients to the circle 

which are perpendicular to the line 3a-—4?/-f5=:0. 

(P, U. 1942) 

b. Show that an infinite numi)er of normals can be 
drawn to a einie throuirh its centre. fP. U. 1935) 

i, bind the equation of the tangent to the circle 
^ “T//"—-’.rp-Id//—J.j —0 at the ])oints where .r=4, 

N, Find ^\iiether the sti-aight line . 1 -+?/ = 2-^/2 touches 
the circle 2./- —2// f-J =d. 

9, Find the value of p so that the straight line 

r oos ^ —sin a—may touch tlie circle 
,r-4-2a.r cos a~ du ^ sin a — a- sin^ « = 0. 
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‘ 10. Find the equations of the tangents to the circle 

x2-|-2/2_2a:—4y“4=0 which are (i) parallel (ti-) perpendicular 

to the line 3 a;— 4 j/— 11 = 0 , 

Intersection of sl line and a cifcle* 

5 ‘3. Let the equation of the circle and the line be res¬ 
pectively 

x*+y^=a^ ... ( 1 ) 

y=mx~\-c 

A'point of intersection of a straight line and a circle is 
common to both and hence its co-ordinates must satisfy both 
the equations. Therefore the co-ordinates are obtained by 
solving the two equations simultaneously. 

Substituting the value of y from ( 1 ) in ( 2 ), we get 

or x^{\-x-^.CYfix ... (3) 

This is a quadratic equation in x, giving two values of x 
w^hich may be real and different, equal, or imaginaiy. 

The two values of x (say x^, and .To) are the abscissae of the 
points of intersection of (1) and (2). The corresponding values 
Vu 2/2 y obtained from ( 2 ) by substituting ^2 

for X, 

This shows that a straight line intersects a circle in 
two points which may be real and different, coincident or 
imaginary. 

5*31. To find the condition that the line y~mx-\-c may 
touch the circle x^-\-y^=o?‘. 

The line y—7nx-\-c will be a tangent to tlie circle 
if the two points of intersection are coincident, fe., if the roots 
of equation ( 3 ) in the preceding article are equal. This will be 
so if the discriminant of the equation is zero i.e., if 

4 4 (l+m2)(c^—a2)=0 

or 


or 


c— 1 
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Jiven drd? given line is a tangent to the 

to ad?Lc^!^bt^u,Kl“m^anX^v^ Z^ell VT'"' 
that any tangent to a cirde is perpendicular to the SdiL"°of 
the Clide passing through the point of contact Hence the 
perpendicular distance of the line from the centre mnct h 

equal to the radius. ' ® must be 

of* tllG ri\ 1 * 

ri; 4- r , GJicie 16 Uj anri its perpendi- 

wriuen atmr-J+e=U 

c 

— ^ 1 'r " 

As the radius is a. we have 


V 1 


..~n 


or 




m 


5*33. Substituting r-±rr./l-f in the equation of the 
lin^ ^\'e get 


c 

T- ni- 


l/ = 7/Lr±^a 1 

which is the equation of the tangent to the circle X‘+}f=a^ 

for all values (.d //?. hi being the slope of the line. 

This is known as the equation of a tangent in tho slope 
form* 

From the above e(juation it may be noted that for any 
\a uc ofthere are two lines, Tiiis sliows that two tangents 
can be drawn to a circle parallel to each other. 

Example 1. FliifJ Iht poinU of intersection of the line v=5x+2 
and the circle .r- + y^~-l:ir-Jy~9=0. 


The two equations are ^=i0.r-b2 
and X- + 1/- — 1 3.1' — 4y ~ 9 = 0 

dituting the value of rj from (1) in (2) 
.r2 ^ (5.>- + 2)2 - ] 3.r — 4(5 t + 2) — 9 == 0 
o r 26 .r 2 — 13 r — 13 = 0 

2x*“ -.r—1=0 


... (1) 

... ( 2 ) 


or 


i . 6 , J X - 1 3 X — — 
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1 

* 


:snow mat mt unt; ^ 

2 . Find also the co-ordinates of the point oj 


Substituting these values of x in ( 1 ) 

y=7 when x —1 

and 'vhen.r= . ^ 

Hence the points of intersection are ( 1 , 7 ) and C ■2> 'ah 

Example 2 . Show that the line = IT 

the circle x--ry^^ 

CfOTbtCtOt • 1 1 * 

Substituting the value of a; from the equation of the line 
in the equation of the circle, we get 

^y^ 2 f + ,f =2 

or 2 w2 + 4 z/+ 2-0 

or 2/^ 4 '-2/ 4 “ ^ 0 y 

This gives us only one value of y. The corresponding 
value of then is 1. 

There being only one point of intersection i.e., ( 1 , - 1 ), the 
line is a tangent, (i, —1) is the point of contact. 

The line could be proved to be a tangent to the circle also 

showing that the radins of the circle is eqml to the inn'pendicular 

distance from the centre to the line. 


- 1 . 


Example 3 . Fi'^d the equations of the kmgenfs to the 
circle x^~\~y “~25 parallel to the line 3 x-\- 2 y 1 = 0 . 

Equation of anj" tangent to the given circle in slope form is 

y=mx:^o\/'\~\-m^ ( 1 ) 

This tangent is parallel to the line 3x-j-2y— 1 = 0 . 

Slope of the given line=“-f 

• m= —I 

• • * 


/. substituting the value of m in (1), we get 

y = — f l + f 

or 2y=-3a’±5v/13 
/. the equations of the required tangents are- 

^x-\-2y fuj 13=0 
3 r ~\~y “5^13 =0. 


and 
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5 33 Intercept on a line cut off by a circle. 

the circle be 

and the line he ,j~mz+c :::p) 

Substitntingtheval„eof,fron.(2)i„(,) and etoplifying 
Let the points of intersection of the wt, *v, • , 

be L(.ri, tjj) and Q(a;,. y,) Then a; anH 

equation ( 3 ) “ ^ ‘^2 the roots of 


* * ‘^14 “ 


2crn 


and XyX^= - 


c-~-d 


1 H-m 


Also P(,ri, ?/j) and Q(.rn, y.,) lie on line (2) 


• • y\ —p c 

and y<>~mx\~\~c 

. by subtraction, we o^et 

lh~!/2=m(xy--Xo) 


XoAv PQ2= 


G*1 •^■2)““r0/l— y.y)- 

(xy~x,f-^m^ (•'• 1 - 3 * 2 )- 
(l + w2)(.ri-,r,)2 

(1 -i- 771 ^) [(Xj -i- .To)2 — 4 X 1 X 2 ] 


from (5) 




^ 4 (t> 2 _Q 2 ^ 


l + m‘^ 


] 


..(4) 


••(5) 


I - - 7/i 

4 

1 + r// 


(l + w2)] 


:, I a^(l-f»i2)-c2 I 


PQ = 


Vl 


o 

//i“ 


-j a-(l-L?/r-)-c2 


1 'I 


If u-(l-f thc-n PQ— 0 . In tliat case the line 

becomes a tanirent to the circle. 
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Exercise V (c) 


3x 


o 


1 . Find the co-ordinates of the points where the line- 
2 y=0 cuts the circle x-+y^—Sx+2y=l {D.U. 19oS) 

Find the co-ordinates of the points where the line 

2/=2.r-|-l cuts the circle a2-t-?/2=2 and find the length of the 
chord intercepted. 

3. Show that the line 3r+42/+20.-=0 touches the circle 
a; 2 ^ 2 / 2 =i 6 and find the point of contact. 

» 4. Find the condition that the straight line y=inx+c 
may touch the circle {x—h)'^-\r{y—}»:y—(>’'■ ) 

5. Find the equations of the tangents to the circle 
a: 2 -|- 7 ^ 2 _ jQQ Avhich are parallel to the line 2 x-\-y—Q. 

6. Find the equation of the tangents to the circle x'^+i/' 

=9 which are perpendicular to the line x y 1=0. (F.L.) 

7. Find the condition that i.i'-r?»y-i-w=0 may touch the 

circle x^+y^=a-. Assuming the condition to have been satis¬ 
fied, obtain the co-ordinates of the point of contact. 

• 8 Find the condition that the line x cos a+i/ sin a=p 
may touch the circle x--T-y-=a-. Find also the point of contact. 

^ 9. Find for what value of k will the line 4:X-\-Zy-\-k—0 
touch the circle 2 x‘^-\-2y-=5x ? (P.U.) 


10. Find the condition that the circle x^-\-y^-{-2gx-\-2fy 
-f-c=0 maj'^ touch (r) the axis of x, {ii) the axis of y. 

11. Show that the line y=^ni(x —1-|-?h^ touches the 
circle x--^ y'^=2ax, whatever be the value of m. 

'■.=.12! ; Find the tangents to the circle x~-\-y^=^ which are 
inclihed at an angle of 60° with the x-axis. 


13. Prove that the line 3.i;,-r4j!/-f 7=0 touches the circle 
'jL^j^yi—^x—Qy = 12. Find the point of contact. 

14. Three tangents are drawn to the circle x^-\-y^—2o which 

form an equilateral triangle and one of them is parallel to 
x-axis. Find their equations. (P.U. 1933) 

* ' 15. ' A eirdle touches the lines x=0, y=0 and a;=C ; find its. 

\ 

equation. 
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5 4. Position of a point w.r.t. a circle. 

Let there be a circle 

point outside the circle Thl 

dLstaiice from the centre is > UmSiS. 

i.e., according as + ^ 

t.e.. according as .r,2+^,24.2ya-, + 2/y, + 3H.P<,=or 
i.e., according as •^i-+!/i^-T'2ffx\-j-2fy^-^c<,.= or > 0. 

This gives us the position of any point ir.r.f. a circle. 

It Ilia)/ he noted that the p.rprcKsiou on the L.H.S is obtainorf 

5 41. Tangents from a point. 

Let theie be a circle .r-4-y-=a- and a jioint (.tj, y^). 
d-he ecjiiation of any tangent to the circle is 

The point (xi, //j) will lie on the tangent if 

.'b = >>'t X j -| - 'J 1 d" ■ 

if >/l~>llX^ — a^/l~ul- 
if (y—//?r,)2=a2(H-7„2) 

• u- if tii-{xp—ii-)~-2t/ixp/j^-P)/^---a- = 0 ...(1) 

This ei|uation is a fjiiadiatic in w and gives thereof, in 

L^eix-ral. t\v.. values of m, which are the slopes of the two 
tangents from (,rj, ../p. 

The two tangeiit.s are real and flistinct, co-incident, or 
imaginary according as the roots of (I) are real, equal or 
iniaL^inarv 

i.e., aecu'ding as -f.rj'h/,2_4(.rj2_a2),oj. q 

i.e.. aeeordiiig as .fp-i-.vp—a->, = or < 0. 

ix.. according as the point (.r,, y^) lies outside, on or 
inside tlie circle. 


5*42- Locu,^ of a pohif jrom ivhi 

can be draicn to a circle. 



• tangents 
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Let the circle be 
Take any point P(a;i, Vi). 

The equation of any tangent to the above circle is 

y=m.'r+a^l+nil 
This will pass through {Xi, y,) if 


or 


.y^=mix+a>/l + m^ 

if 7n^(.rj-—a^) — ^x-^y jn,-\-y-^ a^=0. 


Let »»i, be the roots of this equation. Then mi, 7n,> 
the slopes of the two tangents from the point [x^, yi). 

The two tangents are cut perpendicular to each other. 

• ?j? 17n o = — 1 

• • o 


ar 


But 


■-= "o-To 


• « 


01 ' 


2/i 


2 —rt- 


^-1 


x^‘' — a 


x\--\-yi=^2a-: 


Hence the locus of yi) is x“-\-y“ 2a . 
This is also a circle haA’ing the same centre 


Example 1. Find the equations of the tangents from (4, 2) 
io th e circle x^ + r/- = i. 


The equation of any tangent to the giA^en circle is 

y — 7 /? X ^ 2\f 

This passes through the point (4, 2) if 

2==4?w±2\/l + m- 


ix.., if (2-4m)2 = 4(l+m2) 

or if 4-|-16/??^—16iw-—4-}-4??i^ 

or if 12?/i'— 16 j »=0 or if m=0, or 7n=|-. 

(i) When m=0, the two tangents are given by 

y=±2. 

• 4 

The point (4, 2) lies on the tangent given by the +ve sign. 
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(i ') W hen m g-, the t«’o tangents are given bv 

3y=4.r±10. 

The point (4. 2) lies on the tangent given by the -ve sign 
Hence tl.e two tangents from the point (4, 2) are 

2/=2 and 4.r—3/y- -10=0. 

The above equation can also be found in another way. 

An\ line through the point (4, 2) is given by 

y—2=m{x~4) 

or w-r—a—4w+2=0 

perpemlJouLrltmic.: fSlftlfe cmiti-e"(0 tt 

be equal to the radius of the circle ' 

— 9 


i.e., 

— 4m d-2 

V i -r ’ 

or 


or 

12m-— lGm=0 i 

• m 

The two tangents are 

'!/—- = 0 

and 


or 

4.r—3y— 10 = 0 . 

5-43. 

TJje eouation of tho 


■i ( 1 -}- ?/i “) 

, ?«=0, or m 


4 

3 


4) 


— — -.w ^ J 1 . \j M I 

point of tlic C'lionl is know n. 

Let X(//. 1) be the mid-point. Let the 
equation of the circle be .r--f//- = o2. 

-Also Let P(.c,. yj) and Q{x,, y,) be the 

c?k 1 j)oirits o[ tlio choi'd. 

i lie equation of any line through (/q 7/) is 

AS here tlie value of }n is to be determined. 

1 ~ !/2 


mid 


But 



7n 


;r, — -)*.» 


Also the points P(.ri, y^) and Q(a- 2 , y.^) lie on the circle 
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• « 


and ^ 2 ^+ 2 / 2 ^=cs^ 

/. Ky subtraction (a: 

Vi — V‘> 

or - 


. 2 
1 


.rg 


")+(yi' 
^’1 + ^2 

yi fy2 


2 / 2 *)=0 


^*^1-^2 yrfy2 

And as N(A, k) is the mid-point of P, Q 
i.e., a;,-f X 2 = 2 A and yi-i-y 2 = 2 ifc 

yr~y% _ 


wi= 


•T 


• • 


2’i *V2 

The reqd. equation is 

k— (.r—/i) 


2/1+2/2 


2/ 


/c 


A 

k 


or Aa;+ty=^A 2 -|-i 2 , 

Note. jT/n-s method of finding the equation of a chord in 
terms of its mid-point is general and can be followed in the case of 
all second degree curves. But in the case of circle the equation can 
also be found bi/ using the property that the line joining the mid¬ 
point of any cho r d to the centre is perpendicular to the chord. 
This fact will help us in finding the slope of the chord. 

!)*44. The locus of the mid'^points of a system of parallel 
chords of a circle. 

Let the circle be *•*(!) 

Also let PQ be one of the chords of the parallel S3’'stem of 
the circle with N(xi, yfj as its mid-point. 

Let m be the slope of the chords of the system. 

Equation of PQ in terms of its mid-point (%, ^ 1 ) is 

/, Slope of PQ=— 

2/1 

But the slope is given to be m, 

.. -or a;i-fmvi=0 

2/1 1 ' 

The locus of 2/i) 
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This is a straight line passing through the centre (0, 0). 
It IS also perpendicular to the S 5 ^stem of parallel chords. Hence 
the locus of the mid-points of a sj-stem of parallel chords of a 
circle is the diameter perpendicular to the chords. 

Exercise V (D) 


1. Find the equations of the tangents from 

(i) the point ( — 5, 0) to the circle whose radius is 3 and 

{1941) 


the centre is at the origin 


(r?) from (4, 5) to the circle 4x~2y-\-l=0, 

2. Find the equation of the chord of the circle 
whose mid-point is (3, 2). 

3. iShow that the mid-point of the chord x cos sin a 
~p of the circle x--{-y~--a^ is (p cos a, p sin a). 


4. Tangents are drawn from a variable point P to the 
circle x^^7/-~rr. If 0^^ 0^ are the inclinations of these 
tangents, find the locus of P if, 


(i) tan ©i + tan 02 = ^i 
(ii) tan 0i . tan — 
{Hi) cot 01-f cot 



circle 




O'" 


Find the locus of a point, tangents from which to the 
y-~a- are inclined at an angle a. 


Chord of Contact. Pole and Polar 


55. Def. T </€ chord of contact of ihe tang finis from a 
p int F to a circle is defined as ihe line joining the points of con¬ 
tact of the fjvo tangents draivn from the pjoint to the circle. 

It may be noted that as real and different tangents can be 
drawn only from a point outside the circle, a chord of contact 
is defined only in terms of a point outside the circle. 

5*51. The equation of the chord of contact. 

Let tlie circle be a;-4-y“=rr and a point P(x", y*) outside 
the circle. 

Let PTi and PTo be the tangents to the circle from P, 

Ui) co-ordinates of Tj and Tg respectively. 
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Then =n of T^P, the tangent at Ti is 

and that of TgPis ^X 2 -{'yy 2 —^*^ *••(2) 

But both the tangents pass through P {x\ y*). 

x'x^-^y'y^^a^ ...(3) 

and ^^^'^*2 + 2/^ 2 =^^ •••(4) 

^ Equations *(3) and (4) show that the points {x^, and 
(^ 2 > y^i) whose equation is 

xx' + yy'=:a^ ...( 5 ) 


This is the required equation of the chord of contact of P. 

Note 1. The equation of the chord of contact of tangents 
from {x\ y') to the circle x-+y^’^2gx-^2fy+c = 0, can be 
obtained in the same manner. The equation will be 

+yy'+g{x+x') +f(y+y') +c=o. 

Note 2. The equation of the chord of contact of the 
tangents from any point (x\ y') is of the same form as that of 
the equation of the tangents at (x\ ?/'). Hence the equation 
of the chord of contact of the tangents is written down with 

the help of the same working rule as for the equation of the 
tangent. 

5*52. Def. The polar of a point P with respect to a circle 
ts the locus of the point of intersection of tangents drawn at the 

extremities of chords through P. The point P is called the nnle 
of the polar. 

5'53. The equation of the polar. 



Let the circle be x^-]ry^=a^ and yf) any point inside 
or outside the circle. 

Let any chord through P meet the circle in A and B 
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Also let Q (x\ y') be the point of intersection of the 
tangents at A and B. 

Hence AB is the chord of contact of tangents from 
Q(a;', y’) to the circle, and, therefore, its equation is 

XX -\-yy 

But the point ^i) lies on it, 

The locus of (a;', y) is yy\=^^- 

Similarly it can be proved that the polar of (a:i, y^ w,r.t. 
the circle 

a :2 y 2 2rix -h 2/?/ -f c = 0 
i.e., 'Xx\^yy^-\-g{x^ 


Note 1. The form of the equation of the polar of a point 
is the same as that of the equation of the chord of contact and 
hence can be written down bv the same worldlier rule. 

i,- 

Note 2. TfP lies on the circle, the polar of P will coincide 
with the tangent at P. If P lies outside the circle, the polar of 
P will coincide with the chord of contact of the tangents from P. 


5 *54. The pole of a line. 

Let the circle be x“-\-y^=^o- ..•(!) 

and the line ,..(2) 

Let the co-ordinates of the pole of the line (2) be yi). 
The polar of (. 1 * 1 , //i) w.r.t. the circle .r + ?/-=a“ is 

or XX I + yfji — a “ — 0 ... (3) 

But (1) also represents the polar of (Tj, yi), 

equations (1) and (2) represent the same straight line. 


Comparing co-efficients, we get 

^ ?/i ^ 

/ , )}i n 


or 



(rm 

n 


Hence the pole is 


f—a~l —a-m\ 
VIT’ n )■ 


I 
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5'55. Conjugate points and lines* 

(i) If the polar of a point P passes through another point Qy 
the polar of Q passes through P. 

Let the co-ordinates of P and Q be respectively {xi, yf) and 

(•^2> 2 / 2 )* ^ ^ 2 . 

The equation of the polar of P w.r.t. the circle x^-{~y“=a is 

xxi+yyi=a- 

The point ^ 2 ) 

.Ti,r,+yi?/2=«^ ...(2) 

Now the polar of Q is 

xxo + yj/o —• (3) 

On the basis of the condition (2), line (3) passes through 
P(^i* 2/i)> ^'hich proves the proposition. 

These two points such that the polar of each passes 
through the other are called conjugate points. 

(li) If the pole of a line lies on another, the pole of the second 
line lies on the first. 

^ * 

Let the two lines be 

and Ux +w? 2?/+^2 0 

The pole of (1) iv, r. t. the circle 


.. (1) 
.. ( 2 ) 


Oo IS 


—aHi 


,2 


«■ 


n 


n 


and that of (2) is I 


f 


a^m 


\ Wo 


n 


If the pole of (1) lies on (2), then 

-^ “-r--1—2+n2=0 

Wi Wi 


or 


aHil^ -j- w o=0^ 


But equation (3) is the condition , that the pole of (2) lies 
on (1). 

These two lines such that the pole of each lies on the 
other are called Conjugate lines. 
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4 


5*56. Inverse points. If the line joining the centre 0 of 
a circle to a given point P meets the polar of P in Q, then P and 
Q are called inverse points wj\t, the circle. 

It can be easily proved that OP. OQ=(radius)2. 

Let the circle be and the point P be (xi, yi) ; 

Centre 0 is (0, 0) 

O P=0:^^+y 
Polar of P is xxi+yyii=za^ 

As OP _L the polar of P 


« # 


OQ=perp. from O to the polar 


a 


« « 


OP.OQ = A/.ri2 f 


a 




a^=(radius)2 


Exercise V (E) 


1. Find the polar of the point 

{i) (0, 6) w.r.t. the circle x^ {~y^—4:X — 2y=4: 
(ii) 2, —7 \v.r.t. the circle x~+y^~9. 


- 2, Find the pole of the line 

(i) .r + y + 3 = 0 w.r.t. the circle :i;“+^“ + C:r + 8y+5 = 0 
(ii) X cos sin a:=p w.r.t. = 

3. Fitul the locus of the point whose polar w.r.t. the 
circle .r“-f-?/" + 2a.r = 0 touches the circle x--{-y^=a^. 


• 4. The chord of contact of tangents drawn from any 

point on the circle r“ + ?/“=a- to the circle x^~\~y^—b^ touches 
the circle X“-~y-^C". Show that a, b, c are in G. P. (1950) 

r>. Prove that the distances of two points from the centre 
of a circle are proportional to the distances of each from the 
polar of the othei*. [Silmon’s Theorem] 

6. If the polar of two points P, Q w.r.t. a circle meet in R, 
show that R is the pole of the line P Q. 
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V 7. The polar of a point w.r.t. the circle x^-yy‘^==a?‘ touches 
the circle 4(x^-f-i/®)=ci^. Show that the point lies on the 

circle 

8. Show that the polar of the origin w.r.t. the circle 

a;2.|.j^2-j.2gra:4-2/y+c=0 touches the circle if 

9. Prove that the locus of a point which moves in such 
a way that its distances from two fixed points are in constant 
ratio, is a circle. [This circle is known as circle of Appollo- 

nius]. 


CHAPTER VI 


THE CIRCLE (Contd.) 

6 *1. Intersection of two circles. The points of inter¬ 
section of two circles are obtained by solving their equations 
simultaneoiislv. 


Example. Find the points of intersection of the circles 


and 


.1” 


y- — 3 .r oy— 4=0 

-1 Lr — 11 ?/-!- 48 = 0 


Subtracting (*2) from (1) 

S.r+ 6^ —52=0 
or 4a;--3^ —26=0 

26 —4.r 

3 


or 


y 


Substituting the value of y in (1); 

3 J ~ 


.r2 4- 


3x 


3 


4=0 


or 

or 


gx- 4 - (26—4.r)2—27.r -15(26—43-) - 36=0 


25.r^—175.r+250=0 


5 or 2. 



.T®—7.c-rli*=0 .T= 

Substituting the values of .r in (3), we get 

H — 'l when .t~ 5 and i/=Q when .r=2 

the p'^ints of intersection are (5, 2) and (2 

6-11. Let Si=.r2-f//2 + 2.7,.f-f2/i?/d-Ci = 0 

S, S3 .r2 d- y- + -(hx 4- -/aZ/+C2=0 

two uiven circles. 

C'on.sider the ec|uation 

8 4-aS;=0 


, 6 ) 


...( 1 ) 

...( 2 ) 


...(3)' 
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^ (1 7v)x 2+(1 + 7\ )2/M- 2(5f 1+A +2( a + ^ A)?/ + ® 

This is an equation of the second degree in w hieh 

(i) co-efficient of ,t^= co-efficient of ?/* 
and (ii) there is no term containing xy. 

Hence this equation represents a circle for a \ a ues o 

Moreover the co-ordinates of a point that satisfy b 

q -0 and s,= 0 , also satisfy Si+ASg-O. 

Henu repres^n,. a frde Arou,k >U co.nrno. 

joints of S. = 0 and So=0 whatever T\ be, . 

6 - 12 . It can similarly be shown that if ^=9 UirouX’ 

Lo is a straight line, th^en S +^=_0 "for al v^ue^of A- 

the points of intersection of S -0 and u-u, loi a . 

613. Common chord of two circles. Let the equation 
the two circles be written in the standard form as 

S,=x-+ &H 2!7 i 2: + 2/, 1/4-Cl=0 

82 ^ 0 ^ 2 +y2 4-.2gf2.T-f 2 / 2 I/+ C 3 — 0 

Then 81 — 82=0 i.e-, 

being an equation of the first degree represents a ®traio ^ ^ 

to UvfoWes. a^nd hence represent! their cemmon 

Note I- The equations + 

Ltionof S,= 0andS.=0orS=0andu=0 ts uniquely Used 
if we are given one more condition a bout it. 

Note 2 The general equation of a circle 
the points of intersection of two circles 8,-0 and 82 -O can als 

be written as 82 +A (Si 82 )= 0 . 

TViic method of Avriting the equation of a circle passing 
through the points of intersection of two circles sometimes saves 

tedius calculations. 

Example 1. Find the equation of the circle through the points 
of intersection of the circles 


x^+y^+2x+3y—7=0 
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—i=0 

and through the point (7, 2). 

given^'orrclra is““ i”‘««=«on of the 


(x2+^2-}-2 ,t+ 3y - 7) + A (a:2+2/H-3x-- 2?/-1) 


0 . 


0 


0 


This circle passes through (1, 2). 

(l-f4+2-!-6 —7)+A(l-i-4+3—4 —1) 

A = -2 

.. the required circle is 

ix^+y^ + ^x + ^~l)-2{x^+y^-^Zx-2y-\) 

■'’'^+?y^+4a:—72/-t-5=0. 

Example 2. Find the. circle which passes through the 
coynmon points of 

^^^+y^+4x~~4tj~-4 ^0 
and has its centre on the line x-\-y=S. 

The equation of the common chord of the given circles is 

.T—6^-4-10=0. 

The equation of any circle through the common points 
of the given circles is 

-f.V-j 3.r + 2y -14 + A(;r—6// +10) =0. 

Centre of this circle is 


/ 3--A 

V 2 ‘ 

If this lies oil .r — 


2 — "' 
o 



J 


3—? 


2 —6A 




.— 8 


or 


• m 


or 


— — 5 A = ] or A — V 

The required circle is 

—ir + 3.r -T- 2// — 14 d' - 6 ?/+10) 

-r //“ I + 3 G.r - 110 y -1 40 = (j. 


0 


6*14. Touching circles. Two circles are said to touch each 
other if ihfir tivo points of intersection become coincident. The 
common point is said to be of contact. 
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...(3) 


1 the point of contact is coHinear with the 

We know that the poinr 

centres of the two circles. T i j i-Uo num or difference of 

is e^r,u,l »hile in the 

second case it is internal. 

The two circles are 

x^~+yi-2x-iy-^=0 ’ 

and a;2+i/*-4x-6i/ + ll=0 

Subtracting (2) from (1) 

2 a:+ 2 «/—14=0 or x—y—^—^ 

or y^l-x 

Substituting this value of«/ in (1) 

a;2-f. (7 — a;)2—2a:—4 (7—x)—3=0 

or 2x2—12a: + 18=0 or x^—6x-l-9=0 

which gives only one value of x i.e., 3. 

/, The two circles touch. 

Substituting the value of x in (3), we get y—4. 

The point of contact is (3, 4). 

The two circles can also be found to touch each other y 
using the property stated above. 

The centres of the two given circles are (1, 2) and (2, 3). 
The radii of the two circles are *^8 and y/2. 

• The distance between the two centres 

4 • AJ-V 


= VT2~-- _ 2 )2 = V 2 

This distance is equal to the difference of the two radii. 
Hence the given circles touch each other internally. 

The point of contact divides the segment between the 

-4.„«w,oiiTr in the ratio */8 ; \/2 

^2 J^Z-2^2 

V8-v' 2'’ ■ 

or -(3> 


o centres 



/V'8x2 

/. Its co-ordinates are ^ 


\/ 8 —^2 
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X 


Exercise VI (A) 

i , h f e common chord of 

y ■+ax^by+c ==0 and x^+y^+bx+ay+c=0. 


the circles 


in.e,.LtSt‘!'hVS“ 

-ry^+2 X +3yy -7=0 
^'^y-+Sx~2y~l=.-.0 

and through the point ( 1 , 2 ). {1942) 

poi„L*5t,^'“3S''t the common 

has i,s cent,I'on *'+»=+^'’,-4j,=4 and 

4. .SIiow that the following circles touch 
(0 .T 2 -f/-- 4.r-!- 6 , 1 /4-8=0 and a;24-r-10r-6(/+14=0 

.••to 

(i?) .i--^y/--j- 2 .r-f 2 y/-f-l =0 and .r'+y/^—4a;— 6 ?/— 3 = 0 . 

{P. U.) 

in ’It “ =p the circle x^+iP=a^ 

desc .ibid'o,rMY r""- *■the equation to the circle 
utscuuecl on JliN as diameter is 


•r- ; y-~ci- — 2p{x cos a-j-i/ sin a 
<3. Show that the circles 


-P) 


{1949) 


and 


.T--f 7/2-1-2a.r4-c 
x-+y--^2hy+c 


=0 

■-0 


touch if 


1 


a- 


1 _ 1 
b-~~ r 


(1949) 


7 . Find the equation of a circle through the points of 
intersection of .r 2 ^ 7 /.=.i and .rH7/^-2x-4r/ + 1=0 aSd touch- 
ing the line .r-f- 27 /= 0 . 

ORTHOGONAL CIRCLES 

6 2.^ Angle of intersection of two circles. The angle of 
tnitaection of two curves is defined as the angle between the 
tangents to the curves at the point of intersection. Hence to find 
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1 lntpr«?ection of two curves, we have 
SngS at the points of intersection of the' two 
then find the angle beoween the two. 


to find the 
curves and 



In the case of two circles, 
a simplified process can be followed. Ihe 
tangents to the two circles are perpendi¬ 
cular to their respective radii and c 
such the angle between t^h® tangents 
equals (or is supplementarj^ to) the angle 

between the radii. 


and 


6-21. Ths angle of intersection of the circles. 

+1/^ "T 2 S'1 a:-[-2/] y-r c 1= 

a:’+ !/^ i" 2^2^ -i- 2/2i/-r 02=0 


...( 1 ) 

...( 2 ) 


Let the circles (1) and (2) intersect in P and let c, and 
be their centres. Now the co-ordinates of q and are 

(-gj, -/i) and (-? 2 , —/ 2 ) 

Join CiC„, CiP and CjP. 

Now CjPr., is the angle of . intersec¬ 
tion. Let it be equal to 0. 

2CiP.C2^ 


Now cos G 



But 


C 3 P 2 

c^P-^ 


and 


* « 




COS 6 


2_ 


"^/2^ “ ®2 

+fl — ®1 + 1^2^ +/2 


2 - c„— {g'a - S'! - (/2 "/l) 


Srp-o 


^9i92 + 2 / 1/2 ~~ 

2rir2 


where r, and are the radii of the two circles. 
Cor. If 6 cos 0=0 and therefore 

2?i92t2/i/2— Cl— 02=0. 


4 
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6 22. Orthogonal circles. Two circles 

orthogonal if they intersect at rieht 
angles. ^ 

In this case the angle between the 
two radii will also be a right angle 
and hence each radii will become the 
tangent of the other circle Hence 

or 

• * V 

6 23. On the basis of the above result 
condition that the circles 

^ ^+2^71 .T 4-2/, ?/+c 1 = 0 

y + 2/2 ?/ + Co = 0 

maj^ intersect orthogonallv 


are said to be 



we can. find the 


and 


It Tj, r 2 be the radii of the 
between the centres, then 


two circles and d the distance 


9 ~ 


and 


^'2“— i/2 ^2 

The two circles are orthogonal if 

i.e., if. —+ Co) 

or if -9i02^^fih=ci+c, • ■ 

This is the required condition. 

Example 1. Find the equation of the circle, centrt- {3, — 1) 
which cuts the circle orthogonally. 

The centre of the given circle is (0, 0) and its radius=:l. 

The centre of the required circle is (3, —1)^ 

Let the radius of the required circle be r. 

As the two circle.s cut orthogonallv, 

,•2 + 12=32+1- or r =3 

The required circle is 

(a--3)2+(2/+l)2=9 

or x2+y2_6,r+2«+i =() 
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Example 2. Find the equation of the circle which cuts 
orthogonally the circles 

— 4x-\-2y-r-l—0, 
x^-\-y^-\-8x — 6y-\-7—0 
and x^-{y^+6x—4y + 9=0. 

The centre of the 1st circle is (2, — 1), and radius 2. 

The centre of the 2nd circle is (—4, 3), and radius 3^2- 

The centre of the 3rd circle is (—3, 2), and radius 2. 

Let the centre of the required circle be {x^, yf) and its 
radius r. 



V This circle is orthogonal to all the three given circles, 


• 

• • 

(Xi-2)2+(2/j+1)2- 

= 4+r^ 


(:ri+4)=*+(2/i-3)2- 

= 18+r 

and 

(a:,+3)2+(2/i-2)=>= 


Subtracting (1) from (2) 



12a;i —8^1+20 = 

= 14 

or 

—4 3= 

= 0' 


Also subtracting (3) from (2) 

2xi —2i/|4-12=14 
or OTi—i/i—1=0 

Solving (4) and (5) for x^ and y^, Ave get 

Xi __ yi _ 1 

4-f3"~3+6“ —6+4 
or 2/i=—t 


« * • 


m * * 


* « * 


( 1 ) 

( 2 ) 

(3) 


« • * 




Substituting these values of (a:i,«/,) in (1), we get 

rZ — ZZ 
r — 2 


/. the required circle is 

(x+i)^+{y+2)^=-2- 
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RADICAL AXIS 

6 3. Power of a point w r.t. a circle 


Let there be a circle koj,, rn i 

^il. lake any line through ^ 

P "vvith inclination 9. Then the 
equation of the line is 


X 


■^1 y-ui 


COS 0 sin Q ^ 


.. (li 



or 


7 “ 




‘T — iTj—p?* COS 0 

and y=y^Jf-r sin g 
for any point {x, y) on the line 
at a distance r from (aq, y^). 

If this point lies on the given circle, 

then {*'^'1 + ^* cos Q)^-\-{y^j~r sin Q)'^-\~'2g[x^^r cos 0) 

+ 2/(i/j-f r sin 0)4-c=:O 

- { COS sin 9 } r 

+ (‘'^1“+.Vr + + 2/^1 -h c) == 0. 

The two roots of this quadratic in r are the segments 
and PQ. 

/. ± Q.PR — Xi^ +yi^ -r 2f7i,T-j- 2/i:y-f c. 

This value of the product PQ.PK is independent of 0^ 
hence is constant for any yiven point. This product is defined 
as the power of the point w.r.t. the given circle. 

If Q and K coincide, (say at T), the secant PQR becomes 
tangent PT to the circle. 

Then PT^^.Vi 

which gives the length of a tangent to a circle from a given 
point. 

6'31. Radical Axis of tiro circles is defined as the locus of a 
point whose powers trjA. the two circles are equal. 

It may also l;)e defined as the locus of a point tangent from 
which the two circles are equal. 

6*32. Let there be two circles 

0 ...( 1 ) 

^ A 

i 2if t '■'2 


- TVi^+'^g^^'i+Vyi-c 


O f 

^“-rr 

^ 1 


-9i^+-f\y+c 
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Let there be a point P(x, y) on the radical axis of the two 

circles# 

•/ P is a point on the radical axis of the two circles, 
power of P w.r.t, ( 1 ) —power of P w.r.t. ( 2 ) 

i.e., x®+y*+ 2 ?iX+ 2fiy +Ci=xH 2 /H 2'7«a;+ 2 / 2?/+^2 

or 2 (,q'i—g' 2 )x+ 2 (/i—C 2 =f*> . . . 

which is the equation of the radical axis. This equation is of 
first degree. Hence it represents a straight line. 

Note 1. The equation of the radical axis of tioo given circles 
is obtained by subtracting one equation from the other after making 
the co-efficients of and if in the two equations equal 

Note 2. It may be observed that for two intersecting ciicles 
the radical axis is the common chord of the circles. In the case of 
touching circles the radical axis is the common tangent. 

6 33 . Radical centre of three circles. 

Let the equations of the three circles written in the 
standard form be Si= 0 , 82 = 0 , 83 = 0 . 

Then the equations of their radical axis, taken in pairs, are 

81 - 82 = 0 , 82 - 83 = 0 , 83 - 81 = 0 . 

The third may be written as 

( 81 - 82 ) +(S 2 - S 3 )=0 

which shows that it represents a line through the point of inter¬ 
section of the first two^ 

Hence the three radical axes of three circlesj taken in 
pairs, are concurrent. The point of concurrence is known as 

the iradical centre of the three circles. 

Exercises VI (b) 

1 . Find the length of the tangent from (2, 5) to the circle 

^ 2 _|.^ 2 „ 2 a:~ 3 y—1=0, {D.H.S. 1946) 

2. Show that the following pairs of circle are orthogonal. 

(f) x^+y^— 2 ax+k^==r 0 and x^+y^—2by~k^=^0. 

(ii) x^+y^—4x~6y—l2^0 and x^+y^+6x-{-4y—l^=0. 

^ (1945) 

3. Find the equation of the circle which passes through 
the origin and cuts orthogonally each of the circles 

^ 2 ^^ 2 __ 8 ^+ 12=0 and 4a;~6y—3=0. 
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and passes 


4. Find the equation of a circle which cuts orthogonallv 

the circles -4x- + 2y+l=:0, +»/“T-8.r-(iy 4 -7=0 and 

+ 4?/ +9—0. 

^5. A circle cuts X“~~y^~4: orthogonally 
through (1, 3). Find the locus of its centre, 

6. Find the radical axis of the following pairs of circles 

(i) 3tFM-2/“) + 2a--hy-4 = 0 and 2(,r2+7/-^) + 10x-7j/^100 

= 0 

(ii) x- + 7j- + ax + bi/+c^0 and x^-\~y- + bx^ay+c^0. 

(P-U.) 

{Hi) x “ + ?/- + 4.t —4^ + 7 = 0 and —6,r-p2y — 3=0. 

7. Find the radical centre of the following circles 

(i) ,r“-!-7/“+lLx + 5y + 7=0, X- + J/-+13,r-f 6?/'|'2 = 0 and 
x2-L-y2_i.i7^,_l_3y_3^0^ (D.?7, 1938 ) 

Hi) 1=0, “*■ 4x + 67/d-2 = 0 and 

o2d-i.2„8i:-H2.v + l = 0 { 1916 } 

8. Find the circle which cuts orthogonally the circles 
x-d-?/^4'3-r-r5iyd-7 “0 and x^-ry^-\-x — y—l=0 

and has its centre on the line 3xd-27/d-*^ = 0. 

Revision Exercise II 

1. Find the equation of the circle which passes through 
the points (a, 0), ( — a, 0) and (0, b). 

2. Write dowTi the equations of the tangents to the circles 

x-^y- = 2ax\ — “^by at the points of intersection and verify 

that they cut at risht angles. 

1 . ^ ^ 

3. Show that the comraon chord of the circles 

4-9 = 0 and x-d-?/- —Sr —6y-r23 = 0 
is a diameter of the latter circle. 

4. Find the co-ordinates of the middle point of the chord 
lx + rny~[ of the circle 

x^^i/ + 2rjx+2fy-^r = 0 

5. Prove that the equation of the circle having for dia¬ 
meter the portion of the line 

X cos o^=p 

intercepted by the circle x^~ry^—a^ is 

x^-{-y^—2p (,r cos «d”Z/ <x~-p) —a^=0 
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6 . Prove that the equation of the circle circumscribing 

the triangle formed by the lines and' 

.t: — 22/ = 5 is a:--}-17a;—19y+50 = 0 

7 . Find the equation of the circle whose diameter is the 
common chord of the circles 

and 

2/^+4x’+32/+2=0 

8 . Find the locus of a point which moves so that the 
sum of the squares of its distances from n fixed points is con¬ 
stant. 

9. Find the equation of the tangent to the circle 

at the point {a cos 6 , a sin Q) and show 

that the length of the tangent intercepted by the lines 
is -t2a sec 20. 

10. Prove that the two circles which pass through the 
two points ( 0 , a) and ( 0 . — a) and touch the line y= 7 nx~\-c, will 
cut orthogonally if c^=a^ (2H- m^). 

11 . Find the general equation of all circles an3" pair of 
which have the same radical axis a« the circles 

+ 2/2=14 and x2+2/^+2x+42/==6 

12. Prove that the polars of the point (1, —2) with 

respect to the circles whose equations are 

a;2_^jy2_|_0^_j_5_O and x2 + ?/2+2x + 8?/d-5=0 

coincide Prove also that there is another point the polars of 
which with respect to these circles are the same. Find its 
co-ordinates. 

13. Prove that the polar of a given point Muth respect 
to any one of the circles x2+2/2 — 2A;x+c^=0 where k is vari¬ 
able, always passes through a fixed point, whatever be the 
value of k, 

14. Tangents are drawn from the point {h, k) to the circle 
x2+2/^=a2, prove that the area of the triangle formed by them 
and the straight line joining their points of contact is 

a(A2+jfc2-a2)f 
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15. line! the equation to the circle whose centre is at the 
point (a, /?) and which passes through the origin and prove that 
the equation of the tangent at the origin is 

aa:“T-|Sy = 0 


16. Two circles are drawn through the points (or, oa) 
and (4a, a) to touch the axes of y. Prove that they intersect 


at an angle tan 



17. If )j~mn be the equation of a chord of a 
whose radius is a, the origin of co-ordinates being one 
of the chord and the axis of x being a diaraeter of the 
Prove that the equation of a circle of which this chord 
diameter is 


circle 



circle, 
is the 


(1 -f rn^) (+ 2/“)— 2a\x-\-my)^0 

18. Find the value of c in order that the two circles 

y^ “1- 6x — 8y+c = 0 and 
may touch. 


19. Sh ow that two circles 

—%—4=0 and —2x —2?/—2=0 

touch each other, and find their points of contact. 

20. If the polar of a point P with respect to a circle with 
centre C, meets CP in P^ then CP.CP^—(radius)^. 


21. Find the polar triangle of the circle x’ + jt/^ = 4 whose 
one vertex is (1, 1) and the second lies on 3 x+ 2 /= 0 . 


22. The polar of the origin u\r.t. the circle 

x^^yij^2gx-\-2fy-\-c~-Q touches the circle 


23. Sh ow that the circles 

x- + j/^ + 2ax + c = 0 and X“-{-y^+26x+c = 0 


touch if "ho 


1 


(P.u. n 



c 





CHAPTER VII 

PARABOLA 

7-1 Def. A parabola is the locus of a point which moves so 

that its distance from a fixed point IS equal w its distance from a 

The fixed point is called the focus of the parabola and the 
fixed line its directrix. 

7-11. To find the equation to a parabola with any 2>oint S 
(a, b) as focus and any line lx-rmy+n =0 as the directrix. 

Let P (a.-, y) be any 
point on the parabola and 
PM the L from P on the 

directrix, 

. Then by def., SP=PM 

t , 1 , . ^ 

Now SP =_ 

Ay{x—a)^+(y—bf 


PM-- 


lx -f- w ^ + n 


Substituting in {i), we get 

{ (x—a)^+(y—b)^ } 
is the required equation. 



[Ix+my^+n)^ 


. (ii) 


Example. Find the equations to the parabolas whose focus 
and directrix are : — 


(a) (1, 1) ;.T-2/ + l=0 (&) [a,by, 


X 

a 


y 

t 


1 


(d) (0, a); y+a =0 


(c) (a, Oy .r-}-a=0 
(e) (0 ,—a) ; y=a. 

Note. Equation (m) of the last article may be rewritten as 
(mx-ly)^= 2 ia{P + m^) + ln]x + 2 [6(/^ f m*) -i- m 7 i]y 

-{-c^-{P-\-m^){a^-rb^) .(«») 
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We observe that 

(1) The equation is of the 2nd degree in .r, y, 

(2) The terms of the 2nd degree in y are forming a 
perfect square. 

Thus the equation of any parabola is of the second degree 

in T , y and the second degree terms form a perfect square. 

Conversely, though by no means, obviously, any equation 

possessing the characteristics (1) and (2) will represent a 
parabola. 

7’12. We remarked in the first Chapter of this book that 
the methods of analytical geometry considerably simplify 
solutions of certain problems which would be long and difficult 
of solution by purely geometrical methods. By this time 
the student must have seen that the simplification depends 
upon the nature of equations that we employ. Now equations 
(u) and [Hi) of the 1 ast article are so cumbersome that it 
would be a job to find the co-ordinates of the common points 
of a line with the parabola, leave alone obtaining results which 
are less simple. Since all questions on the parabola would 
depend for solution, directly or indirectl 3 q on the equation to 
the parabola, our first concern should, therefore, naturally be 
to obtain the same in as simple a form as possible. The choice 
of axes being ours, this we can do. 

' 713. Equation to a parabola in a simplified form. 

Let S be the focus and 
KK' the directrix. Drop 
SZ _L from S on KK\ 
Bisect it at A. Then since 
AS —AZ, the point A is 
definition on the para¬ 
bola. 

We tal ve A as the origin, 
ASK as the axis of x, AY 
the line tl)rough A J. to 
AX, as the axis of y. 
Further we suppose SZ=2a 
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so.thatZA=AS=aandS-is(r;. 0). 

Let P (a-, y) be any point on the parabola so 
NP=2/ and let PH be A from P on KK . 

Then SP=PM (by def.) /. SP^=PM^ .(1) 

' Also since PM=ZN=ZA+AN=a + x 

■1 / I which reduces to 

/. (1) becomes {x—aV-\-y i «/ . 

^2_4aa:. 

(A) is the equation we sought. 

Cor. 1. The focus S is (a, 0) and the focal distance SP of 


P(a;,i/)==PM = r+a. 

Cor. 2. Referred to parallel axes through S{a, 0), the 
equation (A) becomes y^-^ia^x+a). 

Since Z is {-a, 0). the equation (A), referred to parallel 
axes through Z, is y~=4:a{x—a). 


^ote ;—A is known as the Vertex of the parabola. 


Exercises VII (a) 

' 1. Get the equations of Cor. 2 from first principles. 

2 . For what value of a will the parabola y^=iax pass 
through the points (i) (3, “ 2) (ii) (1, 1) ? 

3 . Find the point on the parabola Avhose ordinate 

is equal to its abscissa. 

4 . Find the ordinate of a point or points on the parabola 
y'^—Aax whose abscissa is equal to a. 

5 . From first principles or otherwise, show that the 
equation to the parabola, taking A as origin and AS as the axis 

o f V IS 

[Otherwise :—Interchange x and y in 

6 . Show that, whatever m or the points whose co¬ 
ordinates are - 2am) ; ^ 

i ^ 

on the parabola j/2=4aa;. 
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7'14. To trace the parabola y^~4ax. 



tangent to 
7 - 22 ]. 


the 


, (f) Putting 2/=0, we get t=0 so 

that a--axis meets the parabola at A(0 01 
[Also see Note Art 7-25.] ’ ' 

(u) Putting a:=0, so that y. 

axis meets the parabola in two coincident 
points at A. The ^/-axis is, therefore, a 
parabola at the vertex A. [Also see Art. 


2. If .r is negative: r/® becomes negative and therefore y 

becomes imaginary, so that no part of the curve lies on the 
negati\ e side of the fy-axis (or to the left of A). 

3, When x is positive, there are two values of//, equal in 
magnitude but opposite in sign. This means that all chords 
of the curve J_ to the axis of are bisected by it and the 
poi tions of the cui\e abo \0 auQ below' the axis of x are in 
all respects equal. We express this by saying that the parabola 
is symmetricab with respect to the x-axis. 


4. As .r increases, ?/ also increases and there is no limit 
this increase of x and y. The curve, therefore, extends 
infinity on the right side of the ^ axis both below^ as well 
above the .r-axis, 


to 

to 

as 


The form of a parabola is therefore as given in the fi<>ure. 


7*15 Defs. (1) The line SZ through S _L to the directrix 
which is also the line of symmetry for the parabola is called 
its axis. 


(2) The cliord LSL' through S and _L to the axis is called 
the latus rectum. [Fig. Art. 7 T 4 .] 

7T6- Length of the latus rectum. 


Since SL- LK 

chords to it). 


ZS 


2(7 and LL'= 2 SL (.r axis bisects all 


/, length of the latus rectum=4a. 
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The following example is important.: 

Example' 

parabolas (V 



Trace the 
y^= — 4 ax. 


(ii) 1. For7/=0, X- 

the curve at (0, 0). 


(n) x~= 4 ay, 

{Hi) x^=- 4 ay. 

(i) For positive values of 
x- y becomes imaginary, 
so that there is no part 
of the curve to the^ righ 
of A. The rest, 7 1 o (.fsee 

Fig.) 

0 , so that the .r-axis is a tangent to 


2 . If y is negative, x be- 
comes imaginary /. no part of 
the curve lies below the .T-axis. 

3 . For a positive y, there 
■ are two equal and opposite values 
of X, giving symmetry about the 



7/-axis. 



4 . As y increases x increases 
so that the eurve extends to 
infinity on both sides of the 
j/.axis. See Fig. 

(Hi) For a positive value of 
y, X becomes imaginarj^. 

• the curve lies entirelj^ 
below tli6 *T-axis. The rest as in 
Xu). See Fig. 


Exercises VII (b) 

1 . Find the axis, the vertex, the length and the equation 
of the latus rectum of the parabola W'hose focus is b( 1, 1) 

and the directrix 
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The axis is a line through (- 1 , 1 ) _L to x-tv-\ 

Is. tlitiefoie, Efiveii hv t-I-] lit i\ c\ ^ ^n 

Q 1 / --1—0 and .r—.//-f 2 = 0 .solved together give Z(- 
b being ( — 1 , 1 ), A the mid-point of SZ is ( — - 4 -, 1).^ 

^ \/2 
4 


=0 and 
“0. Also 

ii j ’2 ) «ind 


Also a = A8 


1 1 
16 ^ 16 


= 0 . 

equation of 



. . the length of the latus rectum~ 4 a = ,/2 
Latus rectum is a line through SI to the axil " 

A its equation is (a:-l) + (2/-i-i)=o i.e., x+y 

2 . Find the axis, the vertex, the length and 
the latus rectum of the parabola whose 

(i) focus is ( — 1 , 2) and directrix x — 2?/=15, 

(it) focus is ( 2 , 3 ) and directrix .r— 2 i/= 6 . 

3 . Find the vertex, focus, the axis and directrix of the 

parabola a;- —2.r — ^ = 0. 

AVriting it as (.r—1)-=^-]-1, 

^^’e see that if we change 
the origin to {1, —1), 

equation becomes 
a parabola whose 
latus rectum is unity. 

\\ ilh reference to the 
old origin, therefore, the 
vertex A is (1, —1), tlie 
focus S is The 

aX is A 8 is .r — 1 a n (1 the 
directrix KZ is i/--- 

4. Find the vertex, focus, 
axis HI id direeliix for tlie j 

parabolas wliose equations are 

(a) ir^4x \-4i/ (0) 0 . 

[Hint. Tut (a) as (//—2)“ -"4(,r + 1) 

and (b) as (.r^ 12 (y-^ 1 ) etc.] 

7 17. Parametric Equations. In question 6 Ex. VII (a) 

we saw that the points ( ^ ^ ^ and {ai^, 2 at) all lie on 



.•> 

4 
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ui 2__d«r whatever values m and t may have. Lv 
the parabola 2/ -4 _ parabola and 

varying t or m we l)a^ e 

Se parabola. Thus the equations a-at J 

_ a could be looked upon as the equations 

We shall often refer the point (a< , 2 at) biieny 

, . , ( « as the point ‘m’ on the para- 

‘t’ and the point ^ ^2 > ^ 7 

Example 1 - What are the values of t for the vertex and the 

J 1 9 What are the values of t for the points of 
Example 2 . y' “ 4 r- 3 ii= 4 a, with the parabola 

intersection of the tin. j , 

'trso flr,d the co-ordi,mtes of the points of intersection. 

The point (ol=, 2 ol) is on th® 
ip on 4.r— 3 v = 4 a we must have 4 a< - Wt—w i 
dving t =2 and which are the values require . 

’ lubstituting for t in (a^^ 2 a/) we get { 4 a, 4 a) am. 


' JL, —a ^ as the points of intersection. 


1 ; = 


2 


Examples. Find t for the comwon points of if 
y— 1 . Also find the points of intersection. 

7 ‘ 18 . To find the equation of the ohord of the 
= 4 axjoining the points [af, 2 ati) and {at^, dal.^ ). 

v—2afi __ x—at^ 

This equation is a\f-tf) 


~ 4 x ond 
parabola 


or 


y — 2ati 


or (/i+/2)y-2a/x(/i+/,)=2x-2a/i2 


+h 
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This equation is important. 




[Hint : —(a, 0) must satisfj^ ({)] 

719. Geometric interpretation of y^=4ax. 

If P be (a*, y), we have from the figure (Art. 7-1.3) 

NP2=4AS. AN 


...(I) 


•••( 2 ) 

which may be statetl thus : — 

T/ip, ordniale of any poinf- on the pnr i.hola is a mean- 

pro porlionol bet >rcen Us abscissa ani the latus rectum of the 
juirahnln. 

Equation (2) also e.Kpressos that P moves in sucli a 

maimer that the square of its distance from a fixed line AX, 

% aries as its distance from a line AY which is perDcndicuIar 
to it. 

Cnnrersely_ Tf a point P moves under this condition then 
It describes a parabola for which the first line will be the axis, 
the second, the tangent at the r ertc.x, and the constant of 
variation, the length of the latus rectum. 

Example. The payihohi of Jatu- rectutn 4 units having 

.) ~;- fy — 4~:() for its a.vsand 4.r — -jp-\-7~0 for the tangent at the 
vertex i.s given by 


o 

O 


( 


:ir + 4-y — 4sf ^ / 4x-?p/-pl 


\/:p-r4- 


) 


( 


\/4-4-.3- 


or (3.1--{- 4// — 4)- = 2<t (4.r-- 3/y q- 7). 

7 2. Points of intersection of a straight line with a 
parabola- 

L(‘f tlio lino he // —...(1) 

and the jiu'aliola.. y---4ii.r ...(2) 

The oonmion points, as usual, are obtained by solvinsi (1) 
and (2) siniultaneously. Sulistiluting for y from (1) in (2), we- 
get {w.r-f r)-=^4f7.r 


oI’ m-.r~-- 2{me — 2a) x 




0. 
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ViirVi will give us the 

The erdlnatee .ay 

Thus every coilidS, 'or hua|nary 

which would be re ^ distinct equal, or imaginary 

according as (3) has real and distinci,, i 

°°*Cor. Condition oi tangency of y=m*+c and the 

'“the it 'm be a tangent ^ the paeabola if toots of , 3 , 
above are equal, t.e., if (me -a) "*■ 

A O 


or 


4 (X 7 TiC — 4a" — 0 


a 


whence c= ' lohich is the condition required. 

IfYb 

a 
rn 


...(A) 


Thus the line rj=mx+ ^ 

will bo a tangent to the parabola (2) whateeer m may be. 

Equation ( 4 ) is important, 

7 21. Length of the chord intercepted hy the parabola 

y*=4ax on the st. line y=mx+c. 

V 1 n ^ be the ends ot the 

If P (Xi, yi) and Q (^2, .h. Q 



chord, we have, since, P, Q> 

iiz=mx+c. 

y^z=mXj-rC, y2=mX2-\-c ; 

so that yi—y 2 ^m(Xi—X 2 ) 

Now PQ'-=(Xi-a:2)-+(.*^i--y*) 

= by (1) 

Now ail, *2 are the roots of ^ 

mV+2(»ic - 2'i)a:+c-=0 


...( 1 ) 


• « 


Xi + Xo 


and 

nr 


m 




giving (Xi—2:2)^=(^1+^2)^ iXiX2 

Mmc - 2a)^— 4 tnV _ 16 a(a—me) 


m' 


m 
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PQ = *yi-i-^2 

_ ^ / -_ 

V a(a—■w,c)(l-i-m)2. 

Cor. We could deduce the condition of 
the expression for PQ as well. The line would 
Avhen PQ = 0 which gives a —mc = 0 



b 


e 


ncy from 
a tangent 


or 


c — as before. 

7 ri 


Secant, Tangent and Normal 
7 22* {^) Chord joining two points on a parabola. 

Let the points be P (.r„ y,) and Q (.r„ y,) and the 
parabola, if=4ax. _ qv 

Since P (.Ti, y{) and Q (.r^, y^) are on the parabola 

y,^-4nT,=0 ...(2) y.,^-4ax,=0 .(3) 

We heave from (2) and (3) 

?/i -- Vi 4a 

*.....(4) 


Z/ 2 “) — 4a(.ri - x\ 2)=0 or 


Equation to PQ is 


cci X2 2/1 

(.r-Xi) 

•^1 Xo 


which with the help of (4) becomes 

4a 

^■’‘"y.+y= 

(/') Tangent at F(xi, yi). 

y{ui+yd-yi-yiy-i=^a^'- 

y(y\-x ih)=-^'>x^yiyi by (2) 


(5) 


...(A) 


Equation (A) is important and ice shall refer to it more 
than once subsequently. 

Cor. The ch ord joining the points. 

(a/i“, 2a/i) anrl (a^r. 2afn) is easily seen to be 
1^1 d" ^2)y -f-a/j/g) 

The secant PQ would become a tangent at P if Q 
coincides with P. Therefore making y 2 ==?/i (6)> have 

4a 

for the equation of the tangent }j — y-^=~ (a:— Xi) 
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or 'J/yi— Vi —2aarx 

which with the help of (2) reduces to 

2/2/i=2a(a:4-3^i) . 

Cor 1. Tangent at the vertex A(0, 0) is a;—U, 

y axis. 

Cot.i. Tangent at (^, ' 


.(B> 

viz., th& 


Cor 3- Tangent at (at*, 2at) is iy—x+al- 

(c) Normal at P(xi> yi)* 

The normal at Vix^, yd is a line through P 
tangent yy^ —2a{.'r+a'i) and is a. given j 


and ± to the 


y—yi 


V\ 'x — .ri) 
i’a ' 


.(C) 


Cor. 1. Normal at (cm*, -2am) is given by (C) in the 

fQPm ' * y=mx—2am—ain\ 

Cor. 2. Normal at (at*, 2at) is ta;+?/=2at+at* 

Note 1. All the equations obtained in this article are 
extremely important. 

Note 2. The Geometric Interpretation of the various j^ara- 
meters. 

The student can see for himself now that the parameter 
in ( ) is the slope of the tangent at the point 

and 'V in (ai“, 2a/), the reciprocal of the same, and m in 
__2am), the slope of the normal at the point. 

Note 3. The equations of Cor, 2, Art. 7’22 (6) and Coi\ 
1 Art 7*21 (C) may also be obtained otherwise. 


(i) Write (B) as y 


2a 


2a 

and put—— =m so that 

yi 

2 , . ^ yd _ 

yi= ::: > '* - 


a 


m 


4a 4am 




Equation (B) then reduces to 

a 


V=mf a:+ “ ^ as before. 

^ \ wi*" / m 
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a 

m 


The point of contact is ( 

(ii) Making = m in (C) above, we set 


Vx 


2am 


and 




am-. 


Substitution in (C) gives y-\-'2 am = m(x - am-) 

or y = mx — '2am — am^ 

The foot of the normal is (am^,~2um). 

These equations are sometimes spoken of as tlie equations 
f tilt t a e .it 1 i^cl t li e normal in terms of their slopes- 

7’23. Th«i point of contact. If a line is given to be a 
tangent to a parabola, to find the pt. of contact we solve 
the eipiations of the line and the parabola siniultaneouslv and 
must get a perfect square in one of the variables. That would 
give us one of the co-ordinates of the pt. of contact and the 
other could be found from tlie equation of the st. line. 

Example- 1. Prove that the line 4x-2y4-l=0 touches 
the parabola y^—4x. Also find the point of contact. 

Eliminating x between two equations 

}f=rX2ii~\ or(y—1)- = 0 


The two roots of this equation are equal. Hence the line 
intersects the parabola in two coincident points i,e. the line 
touclies the parabola. 

Putting in the equation of the line, .r=i. 

the point of contact is (4, 1) 

The method illustrated in the following example, however, 
should be preferred, especially in equations with algebraic co- 
e die i cuts. 


Example 2- Find the condition that lx~\-7nyshould 
touch y^=^4ax. Also find the lyomt of contact. 


Let lx ni If + «* * .(1) 

touch ffr=.4ax .(2) 

iif Ui) 


Then (1) should be the same as 
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yyi=2a{x-\-Xi) or 2aa;—y«/i+2a.ri=0 

Comparing co-efficients, we have 


.,.(3) 


2a 


y-L 2aa:i 


whence 


n 

I 


2am 


* * 


«2=4axi. 


I m n 

Also (xi, yi) is on (2) 

Substituting for x„yi, we get 


. yi 


I 


4an 

nr 


or am?=nl as the condition required. 

. / n —2am 
And the point of contact is I 


I 


I 


) 


7'24. The equation of a chord of a parabola 
the co-ordinates of its mid-point. 

Let PQ be the chord whose mid. pt. is M(A, k). 

Let P be (ri, yi) and Q, (xg, y^). 

Then 2h=x-^-\-X2 )_ 

2A:=2/i+ 2/2 j 

If ‘m’ be the slope of PQ, its equation is 

y — k—m(x—h) 


in terms 


...( 1 ) 


...( 2 ) 


y\zLy2 

X 2 


Also the slope of PQ= 

Points (%, 2 / 1 ) and (x^y 2 / 2 ) lie on the parabola 

yi^^4ax^ 


and ?/2“=4aa'2 

Subtracting (4) from (3) 

2/1“—2/2^= 4 ax ^ — 

or (2/1—2/2) ( 2 /i+ 2 / 2 )= 4 a(a:i—0:2) 

Vi—Vo 4a 4a 

2k 


...(3) 

...(4) 


^.e., 


X 




y\~\~y 


2a 

k 


2a 

k 

[x — h) 


Equation (2) then becomes y—k= 
or yk—2ax=k^ — 2ah .(3), the equation required. 
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If M be {x^, 2/0, (3) becomes yy\-lax=y^-2ax^ ...( 4 ) 

c hords^ Mid points of a system of parallel 


system, 

system, 


y 


Let PQ be a chord of the 
tn the fixed slope of the 

Tf mid-pt. ofPQ. 

Q> (•^-2. y-z) 

the ) 

, ' 22/=2/j- 2/2 i 

Also the equation to PQ is 

yiy\'Vy‘^=^cix-\-y.^^ 

so that the slope of PQ.= =-‘^“ =?“ 

2/1+2/2 % y 





from (1) 


But the slope is given to be m. 

2 a 2a 

^ or y=.— 

u m 


• 9 


..*(2), the locus required 


V. ^ obviously a st. line || to the axis of the 

o a. This line is called a Diameteriof the parabola. 

Cor. 1. Vertex of a diameter : 

The diameter given bj^ equation (2) intersects. 

y^=4ax where 

4a2 a 

2 =4ax' or x — 


para- 


m 


m 


/. pt. of intersection of the diameter y — 


2a 

m 


with the 


parabola y-=4:ax is V , 


2a 

m 


and is called the Vertex 


of the diameter 


Cor. 2. Tangent at the vertex of a diameter is 'parallel to 
the system of chords bi'sected by it. 


The vertex V bei 


/ a 
( —2 ’ 


2 a ' 


m 


1, tangent there at is 
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which is !1 to the H 


^TTf^4-£:kTVi 



distance from the origin. And a diameter being a line 
the axis of the parabola, the same is true of a diameter. 


Solved Examples 


Example !• Find the equation of the tangent to the para- 
bola y^—2x tvhich is parallel to the line 3x-\-4y-\-5=0. 

Any line parallel to 3a;+4y-(-5=0 is given by 3x-]r‘^y 
=0. This shall be a tangent if 

^ =2a: or 9a;2+2(3/fc—16)a:4-i:2=0 has equal roots, 



(3jfc— 16)2=9F whence 96A:=256 or k=%. 

3.-c-|-4y+|=0 or 9a;-f 12i/+8=0 is the tangent 

required. 

Note. In case the student feels like making short work of 
the affair, he may proceed thus : 

y=mx-\-a\Yn is a tangent to for all m. Here 

wi=—I and a=\. Substituting in y =mx+ahn we get 
y=-ix4~i(—3) or y^-ix-i or 9;c+12?/ + 8 = 0 as before. 

Example 2. Find the equation to the normal to the parabola 
y^=i8x which is _L to 2x-j~y-^1=0, 

Any line _L to 2 a;+ 2 / + l—0 has its slope equal to 

y=mx—2am — am^ 
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is a normal to 9j2^4ax for all ?n. 
Here a=2, m 
(1) becomes 


.. 1 
9 • 


4 


.1 -r 9 
2 — 4 


y 


y= 

or y. 

Example 3. Find 

u. 


9 .1 

“ * 8 

or 



. 1 ’- — 



-ia;-4^-9=0. 

the equation to the 


common chord of 


Solving together ive get 4btJ= ~ 

, 16a2 


• • 


y(y^ 64a-b)^0 giving y =0 or 4a^d^. 


Then ^~~4a.r gives .r=0 or 4a^'6^ 

The parabolas intersect in (0, 0) and 

(4ah^, 4a“6^). 

The ecjuation to the common chord is 


y 

2 1 


a^b 


S 


X 

X 2 

a '^b 


or b’^y—a'^x. 


Example 4- Find the angle at which y-=ax and x^—hu 
intersect. ^ 

.Solving the two equations, we have 

.1 2 2 1 

(t), 0) (a'^tF, a'^lF) as the two points of intersection. 

Tlic axis of co-ordinates are the tangents to the two nara- 
bolas resjiectively, at (U, 0). 

The curves cut orthogonallv at the origin. 


« « 


The slope of the tangent at a^6^) to y- = ax is 


1 

- 1 . 


1 


X a 

'la " b 2a 


1 
3 


and that of the tansfent at 


3 2 


1 2 2 1 9^, 3/j3 

(a-'b\ a-^b-') to x-^hy is “ V— 


2a ^ 

X 
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' [Since the tangent, at 2/1) o * 2/i)J 

If 6 be the angle of intersection, 


2a ^ 


tan 0=— 


1 


1 

2b^ 


3a® 6'^' 


a 


2 

3 


2(a®+6®) 


Q (^2, 1/2) 


1+ ^ 

6 ® 

Examples. Prove that the co-ordinates the point of 
intersection of tangents to ike parabola y^~4ax at P (tj, y^) an 

yiy2 2/l+2/2^^ 

4a ' 2 / 

Hence find the locus of intersections of these tangents if 
(i) the sum of the ordinates of P and Q is constant 
the rectangle contained by the co-ordinates of P and Q is 

constant. 

SoL Tangent at P is yyi — 2a{x-TXi) 

,, ,5 Q is yy2^2a{x+X2) •••(-; 

By subtraction, we have for the point of inteisection, 


y 


2a 

2a{xi — Xo) _4r/ 


(yi^-!;2^) 


yt—y2 


yi — 2/2 


[/. 


yi +2/2 

2 


(a*!, 2/1) and (a'o, y^) are 
on the parabola.] 

... (A) 


Substituting for y from (A) in (1), we have 

^ifyi+2/2) ^2a(a;+a"i) == 2 a.r 4 -^^^ 


2ax “I—^ 


* * 


X 


ydiz 

4a 


..(B) 


The co-ordinates of the required point of intersection 


therefore are 2 


)• 
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(i) The sum of the ordinates is constant: 

^ 1 + 2/2 = 2K. 

The oioinates of the point of intersection 

_?/i+2/2 
‘y 


y 


K 


K. is the locus. 


:2K (sa}') 

of the tangents is 

[% (A)] 


(ii) If the rectangle contained by the ordinates is 
stant = c2, y,c2. [by B] 

the abscissa of the point of intersection is 

. 2 / 12 / 2 ^ 

4a 4a 


con 


■ • 


X 


Hence the locus is x 


4a 


Example 6. Find the locus of the mid-j>ts, of chords of para- 
bola y^=4ax udiich are 7iorrria.l to the curve. 

The chord whose mid-pt. is (x^, y^) is yyr-2ax^y^^-~2ax^. 


Identifying it ^vith the normal 


Wc get 


t 


tx~\~y—2at~\‘afi 

1 2at-^ai^ 


Ui yi‘~~2ax 


First two aive t— — 


2a 


2/1 


and then last two give 


2 / 1 = 


?/i 


-~2ax^ 




yi ^ ^ vi 


Sa« = 0 


wliicli gives {yi-—'2axi)yi-=—4a-yi- — SnK 

(-’’i- .'/i) hes on tlie curve y^{y- — 2ax-{-4a~) 

Example 7. 1' ind thf locus of imd-pfs. of chords oj tne para 
Inda ii-—jnx icfnc/i snhiend a right angle at the vertex and prove 
that these chords all jxiss through a Jixed pojjii on the axis of the 
c itri'i. 


Sol. Let P, Q, tlie ends of 
{ati~, ‘dati) and (atj, 2al„). The 


O 


a chord of the system, be 
slopes of AP and AQ are 




and 




By tlic question— 

^1 


/c 


= —1 or 
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The equation to PQ is (Art. 7 22) 

It meets 2/=^ where x——aixh~^^ ^3^^ (^) 


y 


PQ ahva 3 ^s passes through (4a, 0). 

Again if (a% y) be the niid-pt. of PQ we have 

2x=a(^i^+^2^) 

2^ = 2a(^-|- ^ 2 ) 

Eliminating <1 and h between (1), (2) and 
9a(a:—4a) as the locus required. 

TTvairnifiAS Vil (C) 


...( 2 ) 

...(3) 

(3), we get 


1 . (i) Find the points where the line y=3x—o meets the 


parabola y^=iax. 

\ii) Find the points where the line x- 
parabola 3j/^=4.t;. 

{Hi) Find the point of contact of 
{iv) Prove that x-\-y=l touches y^x — 


—y=l meets the 

a: = 2^+3 with 
(Solve together) 

x^, 

(Solve together) 


2. Find the length of the chord intercepted by the para¬ 
bola y^=4rx on the line y=x. 

3 , Put down the equations of the tangents and the 


normals to 

?/2 = 4ax* at the ends of the latus rectum. 

(6) to 2 /“ - 9a; at (4, 6). 

(c) to ?/-=6a: at the point whose ordinate is 12. 


4 . Find the equation to that tangent of the parabola 
y~^lx which is _L to 4?/—a;d-3=0. 

[Any line .L to 42/—a:+3=0 is given by 4a;+2/ + A; = 0, 
solve it with y^ = lx, put down the condition of tangency and 

get k = etc. 

Or Identify 4a:+2/+^“9 with 2/=wia;+7/4m]. 

5 . Find the equations to 2/^=5a; to a; + 42 /+l=0 . Find 
also the point of contact. 

6 . Find the point in which the normal at (2, 2) to y^ — 2x 
meets the curve again. 
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makes an anglf'of ^ which 

angle of 60° with the axis. ’ ^ “akes an 

8. Prove that Ix+m^+n^O will touch a;2=4aa if „72 

M that j=„x+c will touch !,>=4u(a+„) if 


I 


points whose paianieters°lre VS*”/ «t the 

ordutate is the A.M. between 4e "o'dLS oTC ptl^S 

anstlei', V°L-'' " '■ «<i '= are at ..ig|., 

the Setf ° '. “'I 4 then passes thtoueh 

intersect a't°rigl,l'"„lero„‘“t"hf p' f-®* “f'* <■->«>' 'I'Ort 

to c , " directnx. [See Arts. 7-36. 7-371 

Jo. (<7) Pincl the enmfinn +r^ +i 

!/-=4ax and .T-= 4 f)y_ ^ ‘ common tangent of 

ami ^-o-nt 0f,-4„x 

V-iV->Tr /a'’'‘o parabola whose equation is 

I rviir; that its length 

points\.irrm,.abo/a triangle formed by three 

tangents there at. that formed by the 

(Tiike the points to be 7i’ 7o* 7 

0'’^ko.ceritre of a triangle formed by 
an> three tangents to a parabola lies on the directrix. 

[Hint, lake the tangents to be t.y=x-\-at,'^ etc 1 

1 • ' • • • J 

„-7J: the equation of the chord of the parabola 

y —S.) V Ineh is bisected at (2, —3). 

• 1''^ ^ the locus of the 

mid. pt. of PT. 
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of the parabola 


(c) Normal at P meets the axis in G.. Find the locus of 
mid. pt. of PG. 

Find the locus of mid-pts. of the chords 
y^=4:ax which 

18. pass through the focus. 

iQ* , vertex. 

20 ;; ;; wpt. 

Some Geometrical Properties of the Parabola 

Def. 1. The portion oj the axis intercepted between « 
and ordinate of its point of contact is called the sub-tange / 
mint at lohich the tangent is drawn. . 

^ t The vortion of the axis intercepted betxveen a normal and 
the ordinate of its foot is called the sub-normal for t le pom 
which the normal is dr axon. 

In the accompanying figure Ft is the tangent at P 

the axis of the parabola in T an t ^ from 

normal at P meeting the axis m G. JEtix. N the 

y foot of the ordinate and 

Y the foot of the per¬ 
pendicular from the focus 
S on the tangent PT. Then 
PT is the length of the 
tangent, and PG that of 
the normal. TN ^ is the 
sub-tangent and NG the 
sub-normal. The equation 
of the parabola will 
throughout be taken as 

7 * 31 . The sxib‘tangent for a point on the parabola xs bisected 
at the vertex. 

Let P be {at^, 2at). Then N is {at^, 0). 

Tangent at P is ty = x-rat^^ 

Where it meets y^Oy we have x-\-at^=^0y i.e», x 

Hence T is 0). 

The mid-point of TN is evidently (0, 0), i.e., the vertex A 



ai®. 
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<in(l equals aelemalh,7rldmu^ “ Parabola is constant 

formal at P(a<^ 2at) is y + tx=2at+at\ 

Uhere this meets y—Q, x=2a+afi. 

Hence AG = 2 a-^a/ 2 ^ AlsoAN=at^. 

* • ^"Gr=AG—AN^2a = semi-latus rectum. 

.,, The tangent bisects the angle behveen the focal distance 

<>^f^ point and the perpendicular Pom the point in the direc. 

Sol. ^Ve have, to show that Z.STP=^TPM 

Tangent at P(a<^ 2al) is ty=^x-\-at^. 


Hence if ij, is the inclination of the tangent, tan fji 
If ^ is the inclination of SP, 


1 

J 


tan <f> 


2at 

at- —a 
2 it 

1-1 I- 


2t 


r—i 

* 

2 tan fh ^ , 


i.e., ZGSP=2/.STP. But ZGSP=:ZSTP+ZSPT also. 
ZSPT= Z>STP= ZTPjM ['/ PM || ST]. 



7 ' 34 . The portion of the tangent intercepted between 
dirertrir and the point oj contact subtends a right angle at the 


f \ 

[\Vq liavf* to show that KSP--! rt. /_] 
TaiiL'cnt at P is !f/ -x-\-af“. 

^\’he^e this meets the directrix a' —— a, 

If/ = — a 4” !/~ — 1) 


Thus K is { —a, ^ {/“—I) } 
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Slope of KS= 
Slope of SP = 


a + a 

2 a/ —0_ 2/ 

- /2'— i 


1 

O/ 

mV 


{/ 2 - 1 ) 


ai2 —rt 

the product ofd.e two sloi»3=-l. the two 


A 


/ 


at right angles i.e., KSP—1 rt- 

7‘35 T/je lo-us of the foot of the perpendicular from the 
focus ohny tangent da parabola is the tangent at the vertex. 

rWe have to show that the abscissa 
perpendicular is zero ; for it is only then that it will he on the 

tengent at the vertex which is the y-axis.J 


...( 1 ) 


Equation of the tangent at P is 

ty~x-\-at‘^ . , ■ 

Equations of the line through S(o, 0) perpendicu ar to i is 

yz=—t{x—a) or y=—tx+at 

Multiplying (2) by / and subtracting from (1), 

0 = or x=0- 


the abscissa of the foot of the pei 



from S on 



chord are at ru 
Equation of the 


the tangent is zero 

Hence the required locus is a-=0 which is the tangent at 
the vertex. 

7*36. Tangents at the ends of a focal 
angles. ^ 

Let *4“*^2* ends of a focal choid. 

.chord is 

The focus (a, 0) lies on it. 

• Q = 2a-f''d.atif. 

* • 

or tf 2 ~ — f* 

The tangents at the extremities */,’ are 

/jy=a;+o<i‘- \ 

Uy—a:-\-at^ ) 


..( 1 ) 


..(2) 
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Product of the slopes of the two tangents 

1 m 


1 

T, 


1 

1 


from (i). 

Hence the two tangents are at right angles. 

7 J7. Jal the ends of a focal chord intersect 


I 



■ IX . --'tv/u. imersect on the 

I\Iultiplying the equations (2) abovp btr / i a 

of hrL^ett^orof ^he-abscissa of thrS 


or 

or 


-('•> ——4). 

•r —o/ji'2 = 0 

x=at^t^^~a from ( 1 ) Art. 7 - 36 . 


rp, " “ “ ‘‘ta.ii .rtlt. /-.it). 

the .lirectrl.!;' “f''“td intersect on 

Combining the results of 7*36 and 7*37 wo r-rin of f ai 

toncj^nt-^ at the end. of a focal chord intersect at rilt Iw., *' 
the (hrcctrix. [Cf. Q C> VU CJ angles on 

the s'!<jlLtsofaf^^^^^^^^^ « ^^'rmonic mean between 

L . 1 - 

fcP ■’SQ =SL- 

If -If -tf are the extremitie.s P and Q of a focal chord, 


— 1 or fo 


Ilcncc P is (a^s, 2nr/ ) and 


t 


. / a 

IS i 

*\ j o J 


2a 


SP=a(f 2 +J) ; 


\ tr 


i 


1 


SO 




['.• SP=a-f x’=ra-|-c[< 2 


‘ a. ' 

• • r t r> “f < , 


1 




_i. _ *_, ‘I 1 + 

b'P '.SQ 


1 


a 
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7'39. The 'pervendicular from the Jocus on any tangent is 
a mean proportional between the focal distances of the vertex and 
the point of contact. 

i.e., SY*=AS.SP. 

Tangent at P is ly=x+al^. 

' Also SP=a(f2+l). 


Perpendicular from S(a, 0) on the tangent 

a-\-at^ 


SY 




SY^=aHl + t^) = a-a(^-rt^) 


= AS.SP. 

7 4, Position of a point relative to a parabola. 


Let there be a point P(a:i, iji). 

¥ 

Draw PN J_ from P on the axis 
and let it meet (^produced if necessar}^ 
the parabola in Q If Q be y'), 
then since Qfxi, 2 /') lies on the para¬ 
bola y'^ —4axi=0, ...{!) 

Now P will be outside the pai*abola 

if NP>NQ or or yi>y ^ or if 

yi^--4:(iXi>y'^—4:axi=^0 i.e., if i/i^—4ari 

>0. So also P will be inside the para¬ 
bola if y^ - 4aa:i<0. When P lies on the 
parabola y-^ —4aa:i=0, 



7'41. Tangents from a point. 

a 

Through a pt, two tangents can be drawn to a parabola and 
they will be real and distincty coincident^ o^ imaginary 
as the pt, is outsidey on or inside the parabola. 

We know that y ='>nx-\- _ ' ...( 1 ) 


accor 



m 


touches the parabola 2/^=4ax whatever m may be. 
It will pass through a particular point 


^(^ly Vi) if 2/i=wa:i + 


a 


m 
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The equation which may be written as 

.TiWi2-»/im + a=0 

gives us the slopes of the +i a 

Sinee tliis is a quadratic in wili'^iw ^ ^i). 

pass throiTdi P( r n ) Pm the tangents that 

pa. s uirou^n Further, the tangent will be rp^] 

oincident or imaginary according as ( 2 ) has real enuol 

imaginary roots. ^ ^ real, equal, or 

i e,, according as = or <0 

p.i.i*."'™''''"" '''' "■’ the 

Example. Find the efjiialions of the two tangents to the 

pciraboUt y‘‘~2x drawn from the point 4^ 1 ), 

Here a= .V 


/, y—m X+1 m 

will be a tangent for all values of m. 

It will pass th rough the pt. (-4, 1) if 

1 = — 

8m-+2m~ 1 =0 




or 
whence 
Substi 


m — 


- 1 

2 J 4 


and 


ing for m in (1), the two tangents are 
x'4-2y+2 —0 
.r--4^ + 8 = 0 


7'42. Looiri of the point of inter$ectio7i of tangents to a 

jxtrabohi inrlxnfd at a constant /_a. 

* 

Let ?r 4rj.r 1)0 the parabola and (aq, y,), the point of inter- 
section of the tangents. 


mx-: 


a 


rn 


...( 1 ) 


touches it for all values ol 

(1) will pass thi-ough (.rj, ?/j) if 




a 

m 


» • t 
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Eqn, (2) which may be rewritten as 

—t/im+a = 0 

givres the slopes of the two tangents to the parabola that 

pass through the point (a'l, y^. 

If ^ 1,^2 roots of (3), 


^1 + ^2 = 
miW?2-= 


Vi 

a 






I 

By the equation; 


tan a= 


\4-m-jni 


1 + 



rrj+a 

which gives {yx —4aa:i) cot® a=(a:i—a)® 

(*i. 2/i) lies on 
(j/2 _ 4aa:) cot® a = (ru+a)® 

the locus required. 

Cor. When a;=90°, i.e., the tangents are 
each other, Wim®= —1 



perpendicular to 


and then (5) gives, 



so that a;+a=0, the locus required. 

It is no other than the directrix of the parabola. 

Notes. It could also be got from (6) by making a'=90'’. 
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0 


other cases of locus of intersection of f 
satisfying other conditions will be easilv di<,r,oS i ex 

(5) combined with the conditions givei/in aL 

(See Questions 3-7) below. ^ ^ particular case. 

/'Ve shall recjuire the following few facts from Ai„ i 
in the discussion of the normals from a point to a pSofa.® 

Just as a quadratic like aa;2+hi-+c= 0 has two roots aiirl if 
L. H vu. ax^^bx+c=a(z~a)[x-fi) identically where " « 

roots and its L. H. S. viz. +cx+d=0 has three 


^^^-\-ax^ + cx-^d=a(x~a)(x — /3){x—y) 

Klentically M here a, are the roots of the cubic. 
(1) may be written as, 

X“~(a-\-p-\-y).r?‘J^ [Kj3-{- Py-^yK)x~aPy 


..( 1 ) 


3 I ^ 9 r ^ 

+ — X- + 

a a 


a:-h—- 

a 


Comparing co-efficients of like powers of ;r on both 

ol this identity, we get 


...( 2 ) 

sides 


^ a 


n d 

apy=^ -. 

a 


V 43* Noiriiials through st point* 

Let y 4ax be the parabola and (.t^, the point, 
y=mx — 2am —am* 

is a normal to the parabola for all values of m 

V _ ^ • 

It will pass through the point (.Cj, yj) if 
!/i —- w.Tj — 2a tn — am* 

Lqn. {2} Mhich may be rewritten as 


...{]) 


am*-f (2a — .Ci)f yj = 0 


...( 2 ) 
...(3) 

gives the .slopes of the normals that pass through the point 

(•»i: .Vi). /MiK'e (3) IS a cubic in m, it will give us three values 

ol im which when substituted in {]) will give us the three 

normals that can be drawn from the point, (a;,,?/,) to the 
pai'ahola. 

Note. e kiioM that imaginary roots occur in conjugate 
pairs, of the three roots of (2), at least one will be real so 
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that, of the three normals through a point, at least one will 
be real. 

Example. Find the locns of the point of intersection of 
normals to the parabola two of which make coinplemen-^ 

iary angles with the axis. 


If Wi, be the roots of equation (3) above, 


* 

...{!) 

2a—Xi 

...(2) 

Vl 

minium — — 

...(3) 


By the question, Wim 2 =l 


• 

e • 

} 

(3) gives m^— - 

_ J/l 
a 



But w ?3 is a 

root of am?'\-{ 

2a— 

• +2/i=0 

...(4) 

» * 

a(-y^ 

) +(2a!—a:,) 

-2/1 

)4-«/i=0 




(Z 

/ 


or 

Vx 

a2 

+*'f‘+s/.+- 


=0. 


or 


or 

yi=a{xy—a) 

...(5) 


(5) being a relation between the co-ordinates Xi, y^ of the 
point from which the normals are being drawn, the equation to 
the locus is y’^=a{x—a). 

It is a parabola whose latus rectum is a and vertex at 
(a, 0). 

Note* The locus of the point of intersection of the 
normals, satisfying other conditions, may similarly be obtained 
from equations (1), (2), (3) combined with the conditions 

obtaining in a particular question. It is a question of elimi¬ 
nation of Wi, w? 2 , wig. 

Cor. 1. Equation (2) above, incidentally proves that the 
slopes of the three normals from a point to a parabola, add 
upto zero. 
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by (1). 


Col** 2. Further if j/i, 2 / 2 ? 2/31 be the ordinates of the feet 
of the three normals from a point to a parabola, Cor. 1. Art, 
7*22, (c) gives 

2/i-4'2/2“I“2/3== 2 n(mj - 
Hence the sum of the ordinates of the feet of the three 
normals from a point is also zero. 

Exercises VII (d) 

1 . (a) Find the equations of the two tangents to the 
parabola ?/“ —tx from the point (3, —4). 

(b) Find the tangents to tlie parabola 2/-3a:=0 drawn 
from ( — 12 , 3). 

2. Prove that if 6 be the angle between the tangents that 
can be drawn from (a-i, //i) to y^= 

then tan 6 = ^ — 

.ri + « 

Find the locus of the point of intersection of tangents to 
the oarabola?y---4a.c drawn from an external point P when 

these tangents make /_s 6i, B-, with the axis and, 


3. 

4, 

0 . 


(a) tan ©i-i-tan 0 . 
cot ©j-heot 
tan-0i+tan'-02=?' 


b. 


( 6 ) tan @ 1 , tan 02 =c. 
5. 6 i+02=2o- 


Find the locus of intersection of tangents to a para- 

bola inectin" (i) at an (*0 at an^60 . 7.(01 

noia iiieiuii^ \ > [Particular cases ot / 42J 

8 . (a) Find the equation to the normals to drawn 

from the point (t', .log 

is a normal. The rest as in solved 

example .'\rt. 7’4l], r .t ^ +0 

(id Find the eiiuations of the normals from (oa, -a) 

'' l"i,„lll.elon.»(.r.iI.t-r''lKnthc three normals from it 

to a jiarabola are sueli that 

*♦. Two of them are at rt, angles. 
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10 * Two of them are such that the product of their slopes 
equals 2 . 

(A beautiful statement of Q. 10 . Prove that the locus of a 
pointy two of the three normals from ivhich have the product of 
their slopes equal to 2, is the parabola itself), 

11 . The sum of the three angles made by them with the 
axis is constant (say k), 

12 . Prove that the centroid of the triangle formed by the 
feet of the normals from a point to a parabola lies on the axis 
of the parabola. (Use Cor. 2.) 

7*5. Chord of Contact* 

Def. IfQ and R be the points of contact of tangent to a 
parabola from, a point P outside it, QR is called the chord of 
contact of P w, r, to the parabola. 

Equation of the Chord of Contact 


Let there be a point P(Xj, t/j). Let PQ, be tangent to the 
parabola from P. 


Let Q be yf) and R (.^ 3 , y^) 
Then QP and RP are given by 


yy<^=^2a{x-\-x^) ( 2 ) 

and yy^ = 2a{x-\-x^) ..,(3) 

{2) and (3) both pass through 

Pi) 

• • 2/12/2“ ^^(^2 •••( 4 ) 

^nd yiy3^2ci(x^+^i\ ^ ...(5) 

From (4) and (5) it is clear 
that the points Q (xgj 2 / 2 ) ^nd 
^ (^* 3 ? 2 / 3 ) nn the line yy^ 

^2a{x~\-T^) ...( 6 ) 


%vhich therefore is the chord of 
contact of P. 



Note. Equation (6) is of the same form as the equation 
of the tangent at P (x^ pi) if it comes to lie on the parabola. 
This suggests that a tangent may be a particular case of the 
chord of contact. That this is actually so, may be seen from 
the fact that the tangents from P (when P is on the parabola) 
coincide with the tangent at P so that their points of contact 
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coincide at P ; and the chord of contact of P is nothing but 
the tangent at P. 

W hen P is inside the parabola, the tangents from P are 
imaginary (Art, 7*41) : so also shall be the points of contact. 
But the form of equation (6) shows that if (aq, y^) be real, (6) 
gives a real line whether y^) lie outside, or inside the 
parabola. So that we could look upon (6) as the chord of 
contact of P y^) even when P is inside the parabola. Only 
now it shall pass through the imaginary points of contact of 
the two imaginary tangents from P. 


7’52, Pole and polar, 

Def. Thz polar of appoint to, r to a parabola is the locus of 
the point of intersection of tangents to the parabola at tht ends of 
any chord drawn throvgh the given point. 

The point i-s called pole of its polar. 

7 ‘53. The equation of the Polar of a point. 

Let P be (. 1 * 1 , yd and the parabola be if—Aax .. (1) 

also let QR be any chord through 
P and let the tangents at Q and 
R meet in T. Then the locus of 
T is the polar of P. 

If T be (x.,yf) then QPv 
which is the chord of contact of 
T is given by 

yy,> = 2cf .T 2 ) (2) 

(2) goes through P(xi, yd 

(3) is a relation between the co-ordinates x.,, y^ ot the point T. 

the equation to the locus of T is 
yyi-2r/(x4-.rd 
the polar required. 

—Ecination (4) is the same as fG) of the last article. 
Tl.is suL-est.s that the polar of a point u>. r. to a parabola 
coinci.le.s with the ehor.l of eonhact when the point is outside 

and with the tanpent when the point is on the parabola. ^ 



/ 


(4) 
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7‘54. If the polar of a point P w. r. a parabola goes 
through Q, then will the polar of Q pass through P. 

Let the parabola be y^==4:ax and P be ?/i) and 

•Q 2 / 2 )* Thenthe polar of P (.%, f/i) viz., yyi = 2a[x~^xfj 
passes through y^) we have 

2/12/2=2a( ^2+^1) 

which is exactly the condition for the polar of Q {x^, yf) viz., 
yy 2 ^ 2 a{x-\-xf^ "to pass through P [x^, yi). Hence the result. 

Def. Two such points are called conjugate points w, r. t. 
the parabola. 

7*55 To find the pole of the line lx~\-my-\-n=0 ... (1) 

wfr, t. the parabola y^=4:ax ... (2) 


If 2 / 1 ) poI© of (1) w, r, t. to (2), (1) must be the 

same as yy^^2a (a;+Xi). 


Comparing 


co-eflScients 


2a 

~r 


Vi ^2a^ 
m n 


, . , . n , 2am 

which gives and yx= - — 


7 56. // the pole of a given line Ij^ is given to lie on 

another line Lt^ then will the pole of lie on L^, 


If equations to Lj and Lg be 

lix+mpj-^ni=0 

W 2="0 


the pole of (1) w, r, Z. the parabola is ^ ^ , 

It lies on (2) /. l^n^ —2amim5i+Zin2=0 
which is also the condition for the pole 

of (2) to lie on (1) 


— 2am 

r~ 


( 1 ) 
( 2 ) 

2amj 

(by Art. 7*55) 
... (3) 


) 


Def. Two such lines are called conjugate lines w. r, t. the 
parabola. 
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Exercises VII (e) 

1. Find the polar of (2, 1) w. r. t. 

2. Prove that the directrix of a parabola is the polar of 
focus. 


3. (i) Find the pole of 3z+4y— 5=0 ilk r. 

(ii) Find the pole of a’ —22/+3a+0 to, r, t, y^^^ax, 

4. If the polars of P and Q xo, r. t. a parabola meet in R, 
then R is the pole of the line PQ. 

5. Prove that the chord of contact of _L tangents to a 
parabola passes through the focus [See Q 11 Exercises VI c], 

6. Find the points of contact of tangents from ( 2 , 3 ) to 

= and prove that the corresponding normals intersect on 
the parabola. 

7. Find the condition ( 1 ) for two points to be conjugate 
'iv. r, a parabola ( 2 ) for two lines to be conjugate iv. r. t, a 
parabola, [See equation ( 2 ) of Art. 7 * 54 . and equation ( 3 ) of 
Art. 7*56] 


We shall conclude this chapter with a few solved 
examples. 

Example 1. Find the locus of the poles of tangents to 
y^=4:ax w, r. /. 7 /“== 46 ,r 

t}j=x-\~ai“ .( 1 ) is a tangent to x^=^at for all t 

If f.Vi, ?/j) be the pole of fl) w?. r, t, y- = 46.r, then ( 1 ) must 
be the same as ?y?/i=26(.r + ^i)- 


Comparing co efficients we 



2b __2bx\ 
r at^ 


* • • 



^ ari^^tion of f gives different tangents to y“ —4a.T and they 
in turn then have different poles w, r. C y-=46,r. 

To find the locus of (.rj, y^) then, we must eliminate t bet¬ 
ween equations ( 2 ). 

"j/ 0 * 

From the first two, t and from the last two . 

VJi u 





X 


1 



so that (rj, y,) lies on y“== 
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Example 2. Prov? that the line A^+ ‘ 

normal to the parabola y-^^ax if aA®+2fl!AB- + B C-0 

<r + ?/ = 2a< + a«® 

Eqn. (1) is a normal to the parabola for all valuss 
Ax+Bm+C= 0 will be a normal if it is the same as (1). 

t _ 1 _ 

Comparing co-efficients we get-r — C 


» • 


i 


A , -C 
B B 




_C ^ _L 

SO that—-^ = 2a 


be a 

.. ( 1 ) 

of 


or aA®+ 2 aAB“+B^C= 0 . 

Example. Prove that the locus of poles of normal 
chords of the parabola y^=4:Cix is the curve. 


^2(a;+2a)+4a^=0. 

tx+y=2at~f at^ **• 

( 1 ) is a normal for all values of i. 

If 2/i) pole of (1) w* r. t, ?/“=4g[x. 

(1) must be the same as yy^^2ax^2axx> Comparing co¬ 
efficients we get 


t 1 _ 2(it~\-€ii'^ _ 2t-\-i^ 

— 2a y 2ax\ 2xi 

As t varies, the normal changes its position and so does its 
pole. To get the locus of the pole, therefore we must eliminate 
T between equations (2) and (3). W e have 

2/1 


and 



2x, 4a ' 8a^ 

so that =— —> 

Ui Vi Vi 

or xiyi^+2ayi^-{-4:a^~0 

/. (^ 1 ) 2/i^ describes the locus whose equation is 

y^(x-{-2a)-{~4:a^=0. 
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Exercises VII (f) 

1. Prove that the equation ?y2+2Ax+2By+c--0 repre- 

, seats a parabola whose axis is parallel to the axis of a:. Find 

its vertex and the equation to its latus rectum. 

2. If on a given base triangles be described such that the 
sum of the tangents of the base angles is constant, prove that 
the locus of the vertices is a parabola. 

3. ProA^e that the locus of the centre of a circle which 
intercepts a chord of given length 2a on the axis of x and 

passes through a giA^en point on the axis of y distant‘6’from 

the origin, is the parabola — = 

4. Find the point of intersection of the normals at the 
points and 72*. 

5. If 0 be aiiA^ point on the axis of the parabola 

and POQ be any choid passing through 0 and PM and QN 
be the ordinates of P and Q ; prove that 

(i) AM.AN=A02 {ii) PM.QN--4a.AO. 

6 . ProA^e that the length of the chord of the parabola 
y-~4ax Avhicli is a normal at the point (a, 2a) is Sa\/2; 

7. (a) The normal at the point 7’ meets the parabola 

9 

again in tlie point 7^’ ; prove that ti=~l —" . 

(b) ProA^e that tlie normal cliord at the point t Avhose ordi¬ 
nate is equal to its abscissa subtends a rt. /_ at the focus. 

[Hint. / —2, = fi*om (a)]. 

8. Prove that the serni-latus rectum is a harmonic mean 
Ijctween the sof^ments of anv focal chord. 

o 1 

112 

[We have to prove that = g] 

9. The nruTual at any point P meets the axis in G and 
the langrjit at the vortex in G' ; if A be the vertex and the 
rectangle AGQG' be completed, prove that the locus of Q is 
= +ay“. 





PARABOLA 


137 


10. Through the vertex of the parabola y-=4:ax, two 
chords AP and AQ are drawn, and the circles on AP and AQ 
as diameters intersect in R. Prove that, if 0o and <j> be the 
angles made with the axis by the tangents at and Q and 
by AR, then cot 0i+cot 02 4-2 tan c/) = U. 

11 . Prove that the poles w. r. t. y^=^4ax of tangents to 
y^=4:ax lie on the latter parabola. 

12. Prove that the locus of poles of tangents to y^=4:ax 
w.r.t. the circle x'^-l-y^ = 2ax is the circle + ax. 






CHAPTER VIII 



81. Def. An ellipse is the locus of a point xohich 
moves so that its distance from a fired point {called the foc 2 ts) 
bears a constant ratio (irhich is less than unity and is knoion 
as the eccentricity) to its distance from a fired line (called the 
dircctrir,) 


8’11. To find the equation of an ellipse with any point as 
focus and any line as directrix. 

Let S (a, h) be the focus, lxArYny-\-n~{), the directrix and 
e, the eeceiitricitv. Let (.r, y) be any pt. on the ellipse and 
PM, the perpendicular from P on the directrix. Then by 
definition. 


SP 

PiM 


or SP“=c^ PAr“...(l) 


Now SP^=(.r^a)--f (?/-6)2 

(L’-fm/y+n)- 

/ 2 _ L „^2 


and PM- = 


(P+m-) 


(1) becomes -(.r— n)^ which 
is the equation required. 

This aeain being as cumbersome as that of the parabola 
in Art. 7T1 we proceed to simplify it with a. proper choice of 
the axes. 


8*12. Equation to an ellipse in a simplified form^ 

Let S be the focus. MZ, the directrix and e, the eccentri¬ 
city. Let A A' divide 8Z 

% 

internally and externally in 

4 t 

ratio e : 1. Then .since 



SA_8A' 

AZ '’“A'Z' 


are pts. on tiie ellipse. 
Also since e <1. A must lie 



1.38 
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on the right of A. Bisect A A' at C and let AA' = 2a so that 
AC = CA'“a. Take C as the origin, AA\ as the a:* ax is and oc 
a line through C _L AA', as the y-axis. 

Let P {Xj y) be any pt. on the ellipse so that CN=^a;, NP = y. 


Through P draw PM _L to the directrix. 

We require the length CS and CZ in our work and pro- 
ceed to calculate them. By construction, 

SAAZ t.e., (CA—CS)(CZ - CA) .(1) 

SA'=e. A'Z i.e., (CA+CS)=e (CZ+CS) .(2) 

[V CA=CA'J, 

Adding (1) and (2), 2CA=2e. CZ or —= — .(.3) 

c e 


/, Equation of the directrix is 

Subtracting (1) from (2) we get 

2CS=2e. CA or CS = cCA 
A S is (—ae, 0). 


a a 

or 0:4- — 
e e 




From the definition of the ellipse 

SP=ePM or SP^^e'PM^ 


SP^=(a: + ae) 2 -|- 2 /^ and Pi\P = ^ 


2 f 


a 


/. Eqn. (t) gives {x-{-ae)^-\-y-=ie- ^ o:4- 


or 

or 


or . 


o:- -f 2u e.r -+ a-e- -f y ^ 

(1 —e-)T2-f 


j- y 

a2(l—e)2 


e^x^-{-2aex-\-a^ 

-{-2aex 


1 


Since e<l, a^(\—e-) is positive, say b-. 

With this substitution, (5) may be written as 

.,2 ..2 


a 


- + - 

2 ^k2 


1 


which is the equation required. 


0 . 


(4) 


.( 5 ) 


.(6) 
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Note 1. If AA' were the ?/-axis, S would be (0.—ae) 

and PM=ZN=ZC+CN= “ 

e 

Equation (4) then gives x^-\~{yJ!-aef=t'^ ( ^ +y V 
or a:2+y2(l_e2)==o2(l —e2) 


or 


o 

.T“ 






y 

a 


2 


1 or 


X 




+ 


y; 

d 


1 . 


This could also be got from |6) siroply by interchanginf^ 
X and y. _ ® 

Note 2. If we put x —0 in (7), Ave get which gives 

a geometrically meaning to 6 viz*, b is half 
cepted on the y-axis by the ellipse. 


the length inter- 


8'13. Shape of an Ellipse. 


Putting 2 / = 0 in 


X 


,2 


y 


1 


we get so that 


a2 ' 

a’-axis meets the ellipse in the points (ia, 0). They are the 
points A', A. 

So also the ?/*axis meets the ellipse in the points (0, 4-6), 
We call them B, B' 




Writing 

^ a- 


y“ 

b'^ 


1 as y-\z \/a^~~x 


.2 


... (1) 


Ave see that if x>a or < — a, d^ — x'“ becomes— ive, 

y Avould become imaginaiy for all such values, so that 
no part of tlie curve lies to the right of the line x=a or to the 
left of the line *r= —a. 

I"(U‘ any value of .r such that —a<.r<a, equation (1) gives 
two e([ual and opposite values of y so that for all such values 
the curve i.s svmnietrieal w.r.t. the a;-axis or AA\ 


t 1 • i. • I y 

So also Avntinc: i" 

' a” ir 


a 


1 as .x-=± .-V^^ -2/® see 


lliat III) jiart of the c urve lies above the line y=h or below the 
line i/--—b and that tlie curve is symmetrical w.r.t. the y-axis 

or BB'. 






THE ELLIPSE 


141 


Hence the curve lies within the rectangle formed by the 
lines x~^a. 


Since there is symmetry about both axes, we need only 
see what happens in the first quadrant. 

When x=0, equation (1) gives y—h. 

As X increases y decreases and when y~0 so that 

as X increases from zero to a, y decreases from h to zero. 

Hence the ellipse has the form as shown in the figure. 





A 

j 


intersection C of the axes is 


Definitions 

Axes :—AA', BB', the lines 
of symmetry for the ellipse* are 
known as the Axes of the ellipse 
and since AA'>BB\ A A' is called 
the 3Iajor and BB' the Minor 
axis. 

Also AA' = 2a, BB' = 26. 

The Centre : — The point of 
the centre of the ellipse. 


The centre bisects every chord of the ellipse through it. 

XT' * 

For if P (.Tj, yi) lies on -j =1 then it is obvious that 

CL 0“ 

(~^i» —2/i) also lies on the ellipse. The mid-point of (Xu yA 
and ( is (0, 0) t.e., the centre. 


The chord joining the points [xi, y^) and ( — x^, ^Vi) 
on the ellipse is bisected at the centre. 


Vertices. A, A , B, B are called the vertices of the ellipse. 


8*4. The ellipse has 
second directrix. 

On the-fire side of the 
ic-axis take a point 
and another Z' such that 

SC—CS'=ae and 

e 

Draw Z'M' |1 to ZM and 
PM' .1 Z'M'. Then the 
(equation (5) of Art. 8.12 


Cl second focus and a corresponding 











































142 


CO-ORDiJ'fATE GEOMETRY 






or 

or 




a-(l~e2) 


= 1 may be M'ritten as 


.x’“ ~\-2aex~\- -f y- —e^x^ -b 2aex+a 

— 2aex + ~ry^~ e^x^—2aex+ci 


(x’— ae)^-\~y- 





a 

e 




* * • 



Since 



XZ'-CZ' 



equation (1) can be interpreted as showing that the point 
(,r, y) moves so that its distance from the fixed point S' (ae, 0) 
bears a constant ratio 'e’ to its distance from the fixed line 

M'Z\ 

Hence the ellipse could be generated equally well with S' 
for a focus and M'Z' for a directrix. 


Note We could deduce the same result from considera. 
tions of symmetry of the ellipse about the y-axis. 

&'15. The sum of the focal distances of any point on the 
ellipses is constant and equal to the 7najor axis, 

jSP~e.PM=c.ZN—€(ZC-i-CN)=c -\~x ^—a~\-ex, 

.So also ST=f.PM'=e.NZ'=e(CZ'-CN)=e ( “ -x j 

= a —ex 


Adding, 




8 16. Latus Rectum. The 

eliord of tlie ellipse passing 
thrniiLdi a focus and perpendi¬ 
cular to the major axis is called 
a latus rectum. The two to- 
LTCthcr are called Ijalera Ivccta. 

V. 



l.et LSI/ he the latus rectum ; then 
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SL=-a(l-e2) 




a 


a 


A The length of the latus rectum=2SL 


262 

a 


[We could get it also by supposing L to be ( —ae, y) then 


. .-r® , r 1 

from^+y2 =1 




we have SL =^y = .sjb-[I 


e^) 


a 


a 


« 

a 


8*7. Def. The circle on the major axis of an ellipse as 
diameter is called the Auxiliary Circle. 

8*18. Parametric Representation of a point on the 
Ellipse. 

Let A'^A' be the auxiliary circle of the ellipse. 

Let P be any point on the ellipse. Let the ordinate NP 

of P meet this circle in P\ 
Then the point P' on the 
circle is said to correspond to 
the pt. P on the ellipse. 

Join CP' and let zlA'CP' 
be denoted by (j>. 

Then the co-ordinates of 
p’ are (CN, KP') and since 
Cp'—a. P' is (a cos <f>^a sin 
Co-ordinates of P are 
CN and NP, i.e., a cos (j> and 
NP. 

Let NP be y. Then 
(a cos if), y) lies on the ellipse 



X 

a* 


9 

?/“ 

h- 


= L 


• * 


y=b sin 6 


P is (a cos (f), b sin </)) 


which is the required parametric representation of any point 
P on the ellipse. 
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So for any pt. P on the ellipse 



2 




x—a cos (/), y = h sin ^ 

which latter are therefore called the parametric equations 
of the ellipse. As <l> changes avc get all the points on the 

ellipse. 

Def. The angle 0 is called the Eccentric Angle of the 
point P. We shall often refer to the point {a eos (f), b sin 
as the point* ^ ’simply. 

8*19. To find the eqnation to the line joining the points 
and on the ellipse - ^ 


or 


or 


or 


The equation is 

x—a cos (f) _ 

a(cos cos ^i) 

x—a cos (j) _ 

— 2a sin - sin 


y—b sin 


{•fsin ^ —sin ^i) 
y — b sin ^ 


26 cos 2 




sin 


~<f) 

2 


1 


X—a cos ^ 


a sin- 


^ + (/) 


y—6 sin (j> 


b cos 




a: 

a 


eos +>.-sin— 


, <f>~T I 

COS 9 cos " ■r 



. , , iw-ruji 

sm ({> sin-^ 


^ /1 

-cos(9— ~2 

-cos(t^.) 


^^ l\ 


...(A) 


This equation is important and should be remembered. 
Cor. To find the equation of the tangent at <j)i 
— in the above. Wo have 


put 


X 


- cos 


> (/j + 


y sin (jy — l 
b 


a u 

as the equation of the tangent at fi 
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Example. Find the equation to the chord of the ellipse 
joining the points whose eccentric angles are (f> and ^ + 

Exercises VllI (A) 

1. Find the equation of the ellipse referred to its princi¬ 
pal axes as the axes of co ordinates 

(i) whose major axis=10 and minor axis = 6, 

(n) whose major axis = 8 and eccentricit 3 ^ = ^. 

1 


(in) whose minor axis =10 and eccentricitv 


\/ 2 - 


(iv) whose foci are the points (4, 0) and (—4 0) and 

eccentricity= ^ 

(^) whoss major axis = 18and the distance between the 
toci=6. 

(vi) A^hose latus rectum = ^ and eccentricity='^*^, 

the fod 

•I 

2. Find the eccentricity of an ellipse 

(i) whose major axis is double of the minor axis. 

(«) whose latus rectum is one third of the major axis. 

(m) the distance between whose foci is equal to the minor 


axis. 


3. Find the eccentricity, foci, directrices 
equations of the latera recta of the ellipses * 

(a) 4x®+9y2=36, (6) 9a::^4-42^'=36. 


lengths and 


(a) may be written as —4- ^ 

9 4 

a*=9, b*=4. 

Since 62=4=9(1—e®) 

1=1—e® 6*=!- 

. . -n/S 


= 1 


4 _ 5 

9 —9 


■ • 
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Since ae=3. 


Again 


a 


3. 


Jo 

3 

3 


J 5 J 5 


x/5 /. foci are (±af^, 0) or (±V®> 0) 


9 


a 


The directrices viz,, -t'=db ^ or x 

e 


9 
V5 


Length of either latus rectum 


262 8 


a 


3 ’ 


Also their equations are 


Writing it as — + ^ 


= 1 and attending to Avhat was 

said in note Art., 8T4 we see that this is an ellipse whose 
major axis lies along the y-axis, whose foci therefore lie on the 
j/-axis and whose directrices and latus-rectum will be parallel 

to x-a.xiB, 

62 

a, by e are the same as in (a), so also —and therefore the 
latus rectum. 

The foci are now (0,+ae) or (0, + \/5), 

Equations to directrices are 

a 

^ e 
9 


and to latera recta. 

4~ae. 

= ±s/5. 

4. Find the eccentricit 5 % la.tus rec¬ 
tum and the co ordinates of the foci of 
the ellipses given by 



(i) 5x- + 2y-=l. 

(Hi) “T16]/“ 

(tr) 9x^ +4^2=36. 
(v) 4x2 + 31/2=24. 


(ii) ■ x2+3?y2=a2. 


[P. U. 



[P^ u.] 
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5. Find (a) the eccentricity and the distance between the 
feci of the ellipse 3x^ + 4^^= ] 2, 

(b) the foci and the ends of the latera recta of the ellipse 

6. Find the centre^ the second focus, the second directrix 
of the ellipse whose one focus is (2, —3) the corresponding 
•directrix is a:+y+li=0 and eccentricity 

[S :s (2, —3) and MZ is given on a;+2/+ll=0. 

equation to SZ is 
X 2 (yH“ 3)^=0. 
or x~^—5=0, 

Z, the point of inter¬ 
section of SZ and MZ is 
(-3, -8). 

The vertices A, A divide SZ internally and externally in 

'Q f-irv n-f" O • Q 


4 

^ 1 

1 


A S 

c 

5' 


M 


the ratio of 2 : 3. 

a: of A 


6-J~ 6 




X of A' 


o 

A is (0, —5). 
— 6—6 


0 and y of A 


16 

5 


9 


5. 


12 and y 


164-9 


7. 


S ■ (x, y) 


— 1 *' —1 
A'is (12, 7). 

/. C the centre which is the mid-point of AA' is (6, 1). 
Let the co-ordinates of the second focus be (x, y\ 
Then (6. 1) is the mid-point of the join of S (2, —3) 

y - ^ 

Y”=1 giving S' as (10, 5). 


a;+2 
*> 


and 


6 and 


y)- Then C (6,1) is the mid-point of 
the join Z (—3, — 6) and Z' (x, y) whence Z' is (15, 10), 

equation to M'Z' which is parallel to MZ is 
a;—lo+j/—10=0 or a; 4 -y=25 

+ 1 , n- centre, the second focus and directrix for 

the ellipse whose one focus is ( 1 , 2), the correjsponding directrix 

A.- fnd Ve eSf 
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s. 


Show that the point 1^2 ) 


ellipse 


,^2 


a 




1 for all values of ^ 


9. Show that in an ellipse 

PN2 BC2 

U) 


AN.A'N CA" 

(n) AS. AS'-BC^ 

Avhere PX is the perpendicular from any 
ellipse to the major axis AA\ C is the centre, 
minor axis. 


point P on the 
and BB' is the 


in. What are the values of the parameter p for the 
vertices AB, A, B' ? 

11. Find the eccentric angle of the pt, (4, 3) on the ellipse 


. 7*2 

64 


U 


1 . 


12. W’hat are the values of p for points of intersec- 


1“ 

tion of '+- , -^1 and tlie line bx=ay 1 

a “ 0^ 


lo. Find the eccentric angle of a pt. on the ellipse 
- —I whose distance from the centre is 2. 

Ir 


a 


7 *■ 


(X 


14. Find the co-ordinates of the points on the ellipse 
-- ~l whose eccentric angles are (a) (b) ^ . 

it- 4 t) 


o 


If). If P and Q are the points on the ellipse - ^ —1 

TT 

wliosf eccentriL' angles are ({> and then show that 

(;<p2_L.CQ2=oH6^. 


16. P is the point on the ellipse „ 


^ -1.-^. =1, whose 
' b‘ 
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e^entric angle is ^ ; show that S'P=a(l-e cos oi) and 

COS <f>) where S and are the foci, 

. , The reader must, by this time, have become familiar 

with the methods that have been followed twice over; first 

for the circle and then for the parabola. He would not, there- 

Tore, require us to go into detail so far as the next few articles 
are concerned. 


8 21. Points of intersection of a line and an ellipse.' 

The abscissae of the points of intersection of the straight 
line, y=mx~\-c a]\ 


and the ellipse 





are given by the quadratic -1-4- 

a2 ^ 62 

or (b^ + 2a^mcx + a^[c^ _ q 

and the points would be real, coincident imaofinarv 
ing on the nature of the roots of (3). 



depend- 


Cor. 

roots viz.^ 


Condition of Tangency 

For tangency equation (3) above 


must have equal 


4 - a^(ahn"+b^){c^~b^)=o 
or a2m.262—62c2-j-6«=0 

which gives c^=a^m--\-b^ or 
as the condition required. ^ 

Substituting for c in (1), we get 


y 




... 


fromTAHhirtwi d ‘"T' " °'r 

^ a gi.en H„e or, to ^ot it d2ttl?™„ ‘a%“ :’&et£r"'' 
Equation (A) is important. 


822 


Length of the chord intercepted on the 

« . ^ 


yz=mx-!^c by the ellipse^ + ^ 


line 


a 


62 


1 
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If Xj, ^2 are the roots of (8) of Art. 8’2L 


we have 


*f O i j 

a^nr-^lr 


and 




(r{c~ — b~) 


^ r I '> 

o _•> _9 


.• (iT,—Xo) 


^ _ia^[m~c-a- — {a-m'‘-^b‘)(c^—b^y} 
4o-l)^la"f>i"~h" — (?) 


[(rntr-^0-^)- 

So that the length of the chord 

= ^/ (l+>/i-)(,ri-.T.;.)“ 


2 db i -T */ 


. f 


i * 


[ .. 


9 O j 7 i> 

a“/rr-f 6 - 

Cor. Once again, for tangency, this length must be zero ;• 
whence ci'^t^+6^ 


i ^ r 


so that c--±^J(r}H^^b- as before. 

Example 1. Find the points of mtersection of the line 


1 

3 x+ 2 u— 6=0 irith the ellij.se 


o 

4 *^ 


-I- y~ —1 

4 ' 9 


Also find the length of the chord intercepted. 

Solving together, we have 

9.j24-(3.i—6)2=36 or 18.r'-—36x=0 

giving x=0 un<l x—'2. 

The corresponding values of y are given by the equation 
of the St. line to be 3 and zero, so that the points of inter¬ 
section are (0, 3) and (2, 0). 

Length of the intercept=\/4+9=V 13. 

Example 2. Find the equations of the tangents to the 
ellipse 4 x--\- 9 y-=l 8 perpendicular to the line 3x.—2y4rl—^- 

’>Ve have seen that ...•••(!)• 

touches the ellipse for all»«. Writing the ellipse in the form, 

^- =1, we have a*=f, 62 = 2 . 

* 2 
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Also, the slope of the line being f, the slope of the tangents 
would be — 

from (1), the tangents are y— — ± \/§ . 9 + 2 . 

or 2;r+3?/+6“0^ 

Aliter Any line perpendicular to Zx~ 

' 2x\Zy-\-k=-^0 

Solving with the ellipse, we have 4a:^ + ^- 
or 8 a; 2 -L 4 /^a;_p( 42 __] 3)^0 

For (2) to touch the ellipse, (3) must have equal roots. 

/. 16i’“—32(A*2 — J8) = 0, giving i = + 6 


10 

+ 

11 

0 is 

......(2) 

1 —/ 

9 

= 18 


.(3) 


/- Tangents are 2.r+3y±6=0. 

8 23. Chord and Tangent. 

(a) To find the equation of the chord 

Q (^ 2 J y%) on the ellipse 


o 

x*- 


o 

y 


joining P(x-j,. y^) and 


a 






-a-fa;i+X2) +-- (^i+a;,)+ 


iji — (i/i+y-i) 


2 


2/1?/; 
2*2 


+ + 1.(A) [by (1) J., 


ar,ri equation of the chord joining the points ‘<f>' 

and may be obtained from equation (A) by makintr 

x^~a cos <^, yi =h sin <j>, x„=:a cos and y^=b sin c4,. Making 
these substitutions we f^et •j-k-uio 


o (cos^ + cos^J-f -|(sin^+sin 9 Si) 


or 


2x 

a 


cos 


cos (h cos (^i + sin <j> sin ^i + l 
2 


cos 






2?/ . <^+<^1 
b 2 


cos 




l+cps 
=2 cos* 
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or 


X 

a 


CO 


. y 

-“T 


Sin 


<!>-{ <f>i 


cos 




. 9 


•••••• (A.^) 


[Cf Art, 8 - 19 ] 


Both P (Xj, i/i) and Q (Xj, 3/2) lie on the ellipse 


* 

* « 


X 


+ 


Vi 


= 1 


/j* 2 


or 


a 


2 

’^2 


2 _ 1 . 
a2 ^ 62 


1 


•••««• ( 1 ) 


a 


or 


2/2-*2/i_ 


*ro —X 


1 


- +- 5^-0 

52 0:2+Xj 

a* ’ 2 / 2 + 2/1 


( 2 ) 


Equation to PQ is y—yi 


.r«— 




Equation to PQ is y~-y\~ 


or 


y-yi= 


X 2 X-^ 
x^+Xi . , 


?/2+2/i 


( 3 ) [by (2)] 


(6) Tangent at P (.r^, yi) :— 

PQ Avould be a tangent to the ellipse if Q 
with P. Making .r2=Ti and y^—yi ( 3 ) ^'e have 
equation of the tangent 



o 

a- 


( 4 ) 


Vi 


or 


“ 6- a2 62 .^ ' 


a 


Cor 


(c) 

ellips^:. 


[bj^ the virtue of (1) above] 
Tangent at (a cos <^, 6 sin is 

X cos 4 y sin <l> _j.(g'j [cy Art. 8 T 9 Cor.] 

a 6 

To find Ihe equation of the normal at P (xj, yi) to the 


•r* , y- 
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The normal at (xj being a line perpendicular to the 
tangent at (a:j, y^) has for its equation 

2/] 


^ 2 /]/ 

(, 1 - 


or 


a- 

X 


(Z — Xi) 


Cor. 


!/i 


(y-!/i) 


(C) 


Normal at (a cos 6 sin is 
a cos (f, ^ b{y—b sin 


or 


cos ^ 
ax 
cos <!> 


sin <f> 


by 
sin <f> 


a?-b^... .(C') 


Nofe Equatmns (A), (A'). (B), (B'), (C). (O') shall be 
of frequent use and should, therefore, be remembered. 

Example 1. Obtain the equa:ions of the tanoent 
normal to x^+3y^= J4 a 2 (3, i). ’ ^ 

Substituting in the equation of the tangent 

^^1 + 52 /^ 1 = 14 , we get 3 a;-L 5 y===i 4 , 


and 


* * 


Slope of the tangent 

,, j, normal 

Normal at ( 3 , 1 ) is y~l 
or 5x~3y==12. 


5 


5 

3 


I (T-SJ 


f- given to be a tangent to an ellipse, the 

equations of the line and the curye solved simultaneously must 
give a perfect square in one of the variables. That would give 
us one of the co-ordinates of the point of contact ; the other 
could be found from the equation of the straight line 

4 * 2 2x+y~4=0 touches the ellipse 
ux -\-y —A Iso find the point oj contact. 

Solving together, 4 * 24 ) 2^5 

giving 8 (*— 1 ) 2 = 0 . 

eurv^^ ^ the line touches the 

Also (i) gives .*=1 and from the equation of the line we 

gety =2 so that ( 1 , 2 ) is the point of contact. 
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The following method, however, is much more convenient 
in practice, especially where we have to deal with equations 
with algebraic co-eflBcients. 

Example 3. Find the condition of iangency of the line 
lxmyn=0 with the ellipse. 

=: i. Also find the point of contact. 

a- b- 

Let (.Ti, yi) be the point of contact. 

(Ti, yf} lies on /.r-j-+ ^ —0.. 

lxi^myi-\-n = 0 , •••(0 

Tangent at {xi, yfj to the ellipse is 

a 2 52 


which wiil be the same as lx-\-m/y-\-n 

Irni 


=0 


if 


aH 


n 


aH 


giving 


n 


and iji 


b'tn 

n 


as the point of contact, 

aT- . b-m- . 

Substituting in (i) we get ^ ^ w —U 

or a^r-\-b^rn^—n-=0 as the condition required. 

8 25 Equation of a chord in terms of the co-ordinates 

of the middle point. 

If M (/i, ii) be the middle points of the chord PQ whose 
slope is , the equation to it is 

y-k=M(x-h) 

Also if P be (xi, y,) and Q (xj, t/z), the equation to PQ is 


X , y 

(Xj+aTa) ~2+ (I'l'^yz) 


1'*'2 _L 2/12/2 


6* 


* * 


m 


^+X2 

yi+Vi 


2 


a 


1 -(2) 


[Eqn. (A) Art. 8-23j 

...(3), 
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Since x^+Xo~2h and + — 


Eqn. (3) gives m 


h 

k 


so that (1) becomes 
a*- 


or 


or 


J\ ote. 


I ^ 1 s 

y—k——~. ~ (x-~k) 

k a~ 

h k 

a 2 (^-h)+ (y-k)^O 

hx 


a 


-» 


ky }fi 


( 

If the mid-point be (tj, ^j) the equation will be 


o:x 

a- 


yyj 

6^' 


, 2/r 

-9 * 


b '^ * 


W 


F 

Example. Find the equation of the chord of the< ellipse 

y2 


3 


I'tohichds bisected at the pohit (2, 3). 


Making —2^ 2 /i = 3 and a-==4, b^ = 3 in the equation of the 

4.9 
3 * 


+ , 2.r , 3?/ 

note, we get +-;^ 

4 3 


or a;+2^ —8=0. 

chord Locus of the middle^points of a system of parallel 

If TO be the fixed slope of the parallel system, equation’ 
(3) above gives ^ ^ 



X 


X 




h 

k 




m= - 

y\~ty'z a 

so that the middle,point (h^ k) lies 
on the locus whose equation is 

X b^ 

• —S' =m 


f r ' 


or y 


y a 
6* 


a-m 


X 


...( 1 ) 


(rfUpse ^ straight line passing through the centre of the- 
This locus again is called a diameter of the ellipse. 
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Cor. Since is the diameter parallel to the system 

of parallel chords equation (1) states that the diameter 
y=mx will bisect chords parallel to the diameter y—mx if 

Ir 

f ^ 

lit —- • 

a^m 


Exercises VIII (B) 

L (a) Find the length of the chord intercepted by the 
ellipse 2x^-{-3y^ — l0 on the line y~x. 


(b) Find the length of the chord intercepted by the ellipse 
x^-r3y^=i on the line x-ry=2. 


2. Show that a:+2^—4=0 is a tangent to 3x^-f-4y^ = l2 ; 
.also find the point of contact. 

3. Find the tangents to the ellipse 4x^4-3^^=5 which are 
parallel to the line ?/=3a;47. 

4. Find the tangents to the ellipse which are 

_Lto the line 3x'—4y45=0. 

5. Find the tangents to the ellipse which 

make equal intercepts on the two axes. 

6. Find the equation to the tangent and normal to the 
ellipse 4.t:“ + 3^“ = 24 at the point (\/3, 2). 

y^ 

7. (a) Prove that tlie tangents to the ellipse “^2 

at the extremities of a latus-rectum which is in the first 
quad rant, the coi'responding directrix and the major axis 

meet in a point 

(//) Write down the equation to the normal at the same 
point and prove that it shall pass through the lower end of 
the minor axis if where c is the eccentricity of the 


ellipse. 



ellipse 



Show that the line lx-^niy + n~0 will 
fr 

Show that the line x cos oc^y siri « = p. 


will touch the ellipse 





ii 


touch the 



1 






the ellipse 
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if a cos^ sin^ 


i 1 


proceed as mfdS methods already given, we can also 

et (1) touch (2) at the point (a cos b sin <j)), then (I) 
must be the same asT ^ + _V_sin 

a b ' 

f 

cients, ^ -f*—= 

(I cos a b sin a 


1- Comparing co-effi- 


1 


P 


To obtain the required condition we have to eliminate 


^ from relations (3). Now co^ ^ ” cos g 

P 


; sin ^ 


b sin a 


Squaring and adding we get a^cos^a-j-iZgin^a: 


P 


p 


Note. Equation fS") also oUr^c *i 
[a cos b sin point of contact 

10, Show that the tancrents at ikL « 
to the ellipse and the auxdian" Ld. ^ . '’^'’responding 
axis of the ellipse. ^ ® intersect on the 

t 

in Q‘r. JrS: “,e ‘“‘P^o nt.et 

o e oyrR IS completed. Show 


points 

major 


locus of T is the ellipse H- 


the axes 
that the 


I. 


[Let the tangent be ^ cos^ y ^ 


a 


1 



T 




X 


a 


cos d) 


; 3^--= 


b 


sin ^ • ®l'‘minate 6.] 


l'^. Find the common tangents to 


the ellipse 


1^2 


1 and 


X 


a^+b 


a 




y 


Ip' 

6^ 


a^A-b^ 


1 . 
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\Hint. If m be the slope of a common ta ngent, the 

■equations’ and +^* 

tnustbe identical. Equating (a^+b^W+b- to aW+a2+6* 

F 

'WB ?n=i T > wlicncc easily the tangents,] 


13, Find the locus of the point ol intersection of the 

linpoJf - and—+ --1=0, i being the variable 

^ j) a 0 

parameter. 

14 Find the equation to the locus of a point which moves 

so that'the sum of its distances from two fixed points (ae, 0) 

and (—ae, 0) is constant. 

15 \nv ordinate ^sP of an ellipse meets the auxiliary 
circle in q". Prove that the normals at P and Q intersect on 

the circle .r--l-?/*=(a+5)-'. 

1 fi P P' and 0 O' are pairs of corresponding points on 
,),e ellipse the aus^Uiary circle, prove that PF, QQ' meet 
the major axis in the same point. 

17 Find the equation of the chord of the ellipse 
1 X* =1 which is bisected at (1, 1). 

^ ^ 3 

18. Find the locus of the mid-points of the portion of 
tangent to the ellipse ^ =' ihtercepted between the 


axes. 

19 The normal at P meets the major axis in G. Find 
the locus of the mid-point of PG. 

on Find the locus of mid-points of the chords of an 
€llips'e which subtend a rt. X at the centre. 

21. Find the locus of mid-points of chords of an ellipse 

(n) which pass through A (a, 0), , . _ 

Q,) which pass through the fixed point (fc, h). ' 
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Geometrical Properties of the Ellipse 

Note 1, The equa¬ 
tion of the ellipse 
throughout this section 
will be taken as 


a 


2 “f" 52 


I. 


^ ot€ The figure 

opposite will serve 
throughout the section 



Voi.. on an 

Let P (a cos, <j> h sin be any point on the ellipse. 

The foci S and being {—ae 01 rw 

SP=^,a cos 

T * sin=^) 

— V (a +2o“e cos cos^) ^ 

• ' ~a-j-ae cos 

Similarly, ST=a-ae cos <!> 

SP+S-P_2o_the n^ajor a.is, ^cf. Art. S15J 

8 32. The normal and Ihe tanaent bioeef . * ■ 

-w roo^cioely iet^l ke^/llT^rof 

Let P be (a cos <f,, b sin - 

Then (Art. 8-31) SP=a ( 1 +e cos 

S'P=a (1—e cos ^). 

S P 1 —e cos <f>' 

■ t , * 9 m 

Equation of the normal at P is 
^ see <f>, x~b cosec 6^ ^=z=:^ 2_^2 

Where this meets the a’.ayi« /» « j 

Hit .t-axis, a sec <p 



the 


(I) 


(2) 
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X 


a^—b^ 


a sec (j> d sec <j) 


= ae^ cos 


Hence G is (ae^ cos cf), 0). 

SC+CG _a€+fle ^ cos ^ 
" 0S' _-CG ae-ae^ cos ^ 


* 

• • 


SG 

SG' 


1+e cos <i SP ^ , 1 V 

1 -- j = Qp- from (1) 

1 — e cos * or 


• the normal ?G bisects the angle SPS' internally aii(i 
the tangent, being perpendicular to the normal, therefore 

bisects it externally. 

The semi-minor axis of an ellipse is the mean pro¬ 
portional' between the perpendiculars from the foci on any 
tangent of the ellipse. 

Let V (a cos S,b sin <l>) be any point on the ellipse. 


Tangent at P is ^cos <l> + jsm ^~1. 


...( 1 ) 


or bx cos (ji-ray sin <f> ab 0. 

The perpendicular SY from the focus S {-ae, 0) on this 


tangent 


nbe cos (j>—Qb 



ST' 


\/ 62 cos>^</,+a 2 sin* ^ 
—ab{l -e cos <f>) 
Vi* cos^<j> -\-a^ sin*^ 

Similarly 
—a6(l—6 cos^^ 


^ (6“ cos^^+a^ sin2 


t 


SY.S'Y' = 


n-bH\—e- cosV) 

W cos"<f-{ a^ sin*<^ 


a* 6 *(l- 6 " cos*_(^) 


/r(l-r cos*«^) _^2 

i_t- COS</)® 
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8.34. The locus of the feet of the perpendiculars from the 
foci on any tangent is the auxiliary circle. 

The equation of the tangent at P (a cos h ^in f) is 


X / 1 2 / • / 1 

cos 0 + t- sin 9 = 1, 

a ' 0 


...( 1 ) 


or b cos (f, x-\-a sin (f, y=-b 

The line through S(—0) perpendicular to (1) is 

a sin (f>(x—ae) - b cos cf, y~0 

or a-sin (f, x—b cos f, y= — a^e sin <j> •**(^) 

Squaring (1) and (2) and adding. 

(a:"+^^)(a^sin“^-{-6^ eos^<j>)=a^b"-\~a^e^ sin^^ 

=a^(62 4-a^e2sin^ cos^ 

—a^[b^ cos^ sin^ 

1 

Dividing both sides by sin^ ^ + 6^ cos^ <(>, we get 

^ 2 _j_^ 2_^2 locus required. 

Note, As an exercise, let the student take the equation 

of the tangent as y~mx-\-tJ and then obtain the 
result. 

8*35. The locus of the point of intersection 
tangents to an ellipse is a circle. 

The line y^mx~\-f,^ dhn^~\~b'^ 

or y—mx=^a^nh^^h^ 

is a tangent to the ellipse for all values of m. 



...( 1 ) 


For the tangent, perpendicular to it, slope 

Hence the equation of the perpendicular 

1 


1 

m 



IS 


y 


m 


X -f- 


or rny-\-x=^a-+bW. 



m 


+ 62 


.•.( 2 ) 


To obtain the equation of the locus of their point of inter¬ 
section, we have to eliminate m between (1) and (2). Squarint^ 
and adding them, we have ° 


or 


y 2+ w?x^ + V=+6^+a 2 ^ 

( 1 + m2) (a;2 +=( 1 + m^) [a ^+ 62) 
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or ■ 

Rs the eQUR-tion of the rec^uired locus Avhich is 
circle having its centre at the ori2in 

Def. This circle is called the Director Circle of tlm 
ellipse, ^ 

£xoiiiple 1* If the tdH^oit dt (I 'point P oti on ellipjse 
the major axis in T and the minor axis in t and N and M a^e 

the feet of the perpendiculars from P on the major and^'minor 
axes respectively, show that 

(!) CX.CT-a2 (w) CM.C/=/r’. 

Example 2. If the. normal to an ellipse at a point P meets 

the. major axis in G and N is the foot of the ordinate of P, show 

that CG-^e^, CX where C is the centre of the ellipse. 

Example 3. If the normal to an ellipse at a point P meets 
the major and minor axes in G and g respectively, and OF is 
the perpendicular from the centre C to this normal, .-how that 
(i) PF. PG=b~ and Iji) PF.Pg^aK 

Position of a point relative to an ellipse. 

Proceeding exactly as we did in the case of the parabola, 
the student should have no difficulty in proving that the pt. 

iJi) will be outside, on, or inside the ellipse =1 

a^ w 


X “ 

accorclini: as , 

fr 


!h 


1 ' 0 . 

> 


8*41. Tangents from a point to an ellipse. 

We have seen tliat 




touches the ellipse 


o 

.1’" 


a 


//“ 


o ~l whatever ?n may be. 


It will pass through the point (Xi, y^) if 

y^ = m.i'i -7 ^ a-m- 

This equation whicli may he written as 

{y^~~mx^)- — ah}r~]-b^ 

gives us the slopes of the tangents that pass 


...( 2 ) 

through .the pt, 
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(j-. Wj). Equation (2') being a quadratic in m, two tangents 
can be drawn to the ellipse from (a-j, ?/i). And they will be real, 
coincident, or imaginary according as the roots of ( 2 ) arc real, 
coincident, or imaginary 

according as —. 0 

according as — a~b^^, = OT <C 0 . 


or according as 


2 

'2 + / 

b 


‘ y\ 1 

2 ■ 4 >.^or <1 


ic., according as the pt. (.r^, is outside, on, or inside 
the ellipse. 

iV^o/ 6 . The equations to the two tangents from (.r^, y^ 
ma}^ be obtained by substituting in(l) the two values of m 
got from ( 2 ). 

8 42. Locus of the pohit of intersection of tangents to ayi 
ellipse inclined at a constant angle a. 


Let 


«/2 

9 1 7 9 

a“ 0 “ 


1 be the ellipse and (a*|, yf) the point of 


intersection of the tansents. 

y=mx-\- yx^m^-\-b\ 
touches the ellipse for all values of m. 

( 1 ) will pass through the point (xj, yf} if 


( 1 ) 


.( 2 ) 


...••*( 2 ) 


y^ == mxi + a-rrfi 6 ^ 

Equation ( 2 ) which may be re-written as 

( 2/1 “ mxff‘= +6^. 

or — cfi) ~ 2 x^ypn + y ^—52 _ q 

gives the slopes of the two tangents to the ellipse that pa's 6 
the point (a;i, yf). 

If w?], be the roots of ( 3 ) 

2^1 Vx 








Vi - 


• (4 


.(5) 


By the question, 
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tan aT=z—I - 1 


1 H-WjWo 

v/ {+Wo)^—ow-im.. 

* ___ —_ ^ ^ 

1 +W1W2 



Vi 

Xj 


~ ^ 

.. n 

/ftj 


a 


1 


o O 


.. 2 


a 




; 


>-1 




2a6A 

^ • V a- b- 

Xi -h- 

so that (.I'l, w.) lies on tlie locus given bv 





- — a‘~ 


«“ />2 


cot^ a 


...( 6 ) 


Cor. The particular case of intersection 
may be di-sposed of either b}' (5) ^vhich gives 


of : 


tangents 


2__/,2 


Vi 

mjmo= ^ 2 


= -l 


so that x^-j -is the locus required ; 

or by putting a^OU' in (Gj. [Also see Q. 7]. 

843. The discussion of normals from a point and of foci 
arising out of it is too complicated for this booklet. We shall 
content ourselves with telling the reader that in general four 
normals can be drawn from a pt. to an ellipse. And this 

lie can see for himself by putting tan f —t in the 



fix 


h 


cos (f) sin 


(1) which is the normal to the 






















THE ELLIPSE 


165 


ellipse at any point and arranging it as an equation of the 
fourth degree in t which must have four roots. 


Exercises VIII (C) 


1. Find the equations of the two tangents to the ellipse 


— =1 from the pt, ( -15, 


7) [See note to Art. 8 41] 


2, Find the equations of the two tangents to the ellipse 
x^-(-2^2 = 6 from the point (4, 1). 

3. Prove that the angle between the two tangents from 

(^i» Vx) ellipse — + " , —1 is given by 



Tangents are drawn from a point P to the ellipse making 
angles 6i and 9^ with the major axis. Find the locus of P 
when 


4. 014-02 = constant (say 2a:). 

5. tan 01+tan 02—c. 6. tan 0i—tan O^^d. 

7. tan^0i + tan 202 =i, 8 . cot 0i 4-cot 02 = < 7 . 

8 * 5 . Chord of Contact. As was proved in the case of the 
parabola, it can be shown that the equation of the chord of 
contact of tangents from P(.Ti, yi) to the ellipse 


00 ^ 7/2 

+ 1, = 1 


a 


62 


IS 


XX 


a 


2 


+y'jL=i 
^ 62 ^ 


8' tl. Pole and Polar. The polar of a point w.r.t. an 
ellipse is defined exactlj^ as in the case of a circle or a parabola 
and following the method indicated there, the student can 
easily show that the polar of P(Xi, y{) w. r. t: the ellipse 



P is called the POLE of its polar. 
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1- Show that the polar of either focus of an 
ellipse is the corresponding directrix. 


2 2 

Let the equation of the ellipse be ■„+ y„=l. 

a- 

.. the polar of the focus (—ae, 0) it\ r. t, this ellipse 

T ■ 

r —1 oc. x~ 

e 


IS 


a- 


which is equation ot the directrix corresponding to the 
(- ae, 0). 


Example 2. Find the pole of the line 2x-3ij=h w. r. t. the 

ellipse ■ 

4 


9 


(.i-j, yi) be the pole of the line 2.K-3y—6=0. Tl,e polar 


a- 


of !/i, Jc.r.t., 


1 


IS 


:rx 


= l or 

!• ' 4 9 


m 


- 1 = 0 . 


This erpiivtion and 2x —3y —6=0 represent the same 
straight line. 

comparin" co-efficients \ve have .’ = •'* -= 

is -12 6 

Xy-'-i. pi— —2. Hence the pole is the point (3, —2). 

8 52. The following properties of pole and polar follow 
at once : 

(i) If the polar of P passes tlirough Q, the polar of Q 
passes through P. 


P and Q are called conjugate points ti\ r, t, the ellipse. 

—hrm 

t 

n 


(li) Tlie pole of + 0 is ( 


n 


(iii) If the pole of a line L| lies on L 2 then the pole of 
Lo lies on Lj. 

Li anrl L^ are called Conjugate Lines u\r,t, the ellipse. 
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Exercises VIII (D) 

1. Find the polar of 

(i) (2, 3) the ellipse 

(ii) ( — 3, 4) the ellipse 3/:^+42/2=5. 

2. Find the pole of the line 

(i) x+2y = ^ wji, the ellipse 2a;2+32/^ —1, 

(ii) 3x’—4v/+5 = 0 w.ri. the ellipse 4x*2+2/^=3, 

3. Find the condition of conjugacy of two points j/i) 

4. Show that Ihe lines lx-{-wy=l mid 1 'x-]-m y~l are 

*2 H 

conjugate lines nj'J, the ellipse ^ '^^2 “I aHV =1. 


5. If the polars of two points P and Q iv j.i, an ellipse 
meet in R, show that R is the pole of the line PQ, 

6. Show that the condition that the pole of lx-\-my~\ 

zvj\t, the ellipse + ft- ellipse ^“^2 ' 4 f^ 2 ~ 

“1 is 

8*6. Conjugate diameters. 


If the diameter y~m!x bisects chords parallel to ihe diameter 
y^mx, then the diameter y^mx bisects chords parallel to the 
diameter y^nvx. 

Let the diameter bisecting chords 
parallel to y~m'x be y=Ka:. Then 

.( 1 ) 

a^m 

[from Cor. Art. 8‘26] 

Also since y=^m'x is given to 
bisect chords parallel to y—mx, 

b^ 

m = - „ 
a^m 

From (1) and (2), we have 

R = — 



ahn' 


a 


a^m 

f^h^) 


m. 


tO) 

,... y 
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chords parallel to y=m-x is y=mx diameter bisecting 

conjugacj^ then is mm'=— 


o 

0“ 




« 


•'»'■+^=0, ?/= a: and y 

V a 


X w.tA, 


4. t 

2 


1 


XL- 


a- i2 - 

Example 2 Prove that y^3x=0 and 4y-~x=0 are coni 
g^^te diayneters of 3x--}-^y-^5^ ^ 

r 0/ /(CO cowiaoaie semi 

diameters differ by a right angle, ^ 

Let P and D be the ends and ^ and be their eccentric 


angles. 


Slope of CP= ^ and slope of CD 

a cos (p I ^ 


b sin (j)^ 


a cos 

The condition of conjugacj^ iriz, mm' = ^ therefore 


gives 


a 


b- sin <f sin (f^ __ 
a~ cos 6 cos (f I 
or cos (f) cos sin =0. 


62 


o2 


giving cos . 

Ao/c. Solution of problems on conjugate diameters are 
grcatl\' simplified with the help of Art. 8-61. For if P be 

{a cos 6, b sin 0). then D is { a cos (90H^), b sin (90“+.i)f 
or [—a sin b cos ^). ^ ’ 

Also if P'be the other end of the diameter through P • 

then P' is { a cos (180"-f-94), b .sin (lS0»-f } or i-a cos A. 

— b sin (f>). 

Exercises VIII (E) 

1. Tlie sum of the squares of two conjugate 
diameters is constant and equal to 6^ 


serm- 










THE ELLIPSE 


169 = 


2 Show that the tangent at either end of a diameter of 
an ellipse is parallel to the system of chords bisected by it. 

3. Tangents at the ends P, P', D, D' of the conjugate 

diameters of an ellipse 
form a | gm. RT. Semi¬ 
conjugate diameters CP, 

CD, form a 1| gm. CT with 
the tangents at P and D. 

Prove that the area of the 
II gm. RT is constant and 
four times that of the 
!'gm. CT, 


[Hint. Area of || gm. 
CT=CDxCF Avhere CF 
is the length of the 





x^- 


from C on the tangent at P to the ellipse "rr'r 

Lv 


y 


2 


1]. 


4. P and D are the ends of two semi- conjugate diameters 

2 2 

=1. Prove that the locus of the 


of the ellipse 




+ 


point of intersection of tangents at P and D is the ellipse 


X 


2 


a 


-h ^^- = 2 

[Put down tangents at P and D and eliminate 


We shall conclude this chapter with a few solved 
examples. 

ExAinple Ellipses cltc dvciwu ou the. SdVfie viajor axis. 
Prove that the locus of the two ends of the latera recta which are on 
the same side of the major axis is a parabola. 

Let e be the eccentricity of an ellipse drawn on the major 
axis of fixed length 2a. Then the equation of the ellipse 
referred to its axis as axes of co-ordinates is 

,2 


*> 

.T- 


+ 


y 


1 


a“(I—e'^) 

For the upper end of the latera recta, 
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^-±ae, ?/=aa-c2h =yvl-e2) 

’ I a -=a(l-e2), 

or x^=ah-, ay=za^—aH'^. 

Eliminating e between these two equations 

n^=a‘--x2ora2=('a_y),^ljicj^ i3 ^ parabola. 

of //^e If Jnaeits i »/ mid-point, 

po) hens oj tangents tnlercepled by the axes of the ellipse 

-( 1 ) 


y- 


Let P (a cos <h, b sin be any point on the ellipse. 


Tangent at P is * cos <j) -[--/- sin <f>~\ 


...( 2 ) 


a ' 6 

^\here it meets the a'-ax is x—a sec ^y=0, 

Avhere it meets the //.axis y~h cosec 

Hence for the mid-point of the portion intercepted between 
the axes 


X 


a . ^ 

sec <p^ y=z > cosec ^ 


^(3) 


lo obtain the locus of this point, we have to eliminate 
r oetween these equations which mve 


2 cos z= 2 sin 6~ — 

X ^ y 

Squaring and adding, we get 


a 


X 


If- 




y 


=4 as the required locus 


Example 3. l^indihe locus of poles of normal chords of an 
ellipse. 


Whatever ‘0’ 


ax 

cos (f 


is a normal to the ellipse 


.T- 


a 


by 

sin (j) 
y- 


=a^—6^ 


..(1) 


=1. 


If'-'i. Z/i) lie the pole of (i), (1) must be the same as 


XX y , 7///j 

a2 b- 


1 . 


...( 2 ) 
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Comparing co-efficients, we get 

Xi cos (/> Ih sinji 

62 - u 


1 


a 


o 

a" 


62 - 


...(3) 


As ® changes, the normal changes its position and tlie co¬ 
ordinates (.r„ ?/i) of the pole change. We must then eliminate 
d, between equations (3). From (3) 




Squaring and adding we have 


a 


Xi 


+ 


so that (a-j, Vi) lies on 




t/xO 

(a- 

a® 


on - o 

+ o 

X- 



1 


b-f 


-1 


2v2 


(a^—b-) 


Revision Questions No. IV 

i 

L Find the equation of the ellipse 

(i) whose sum of axes =20, difference of axes=4 

(a) whose major axis=12 : minor axis=distance between 

the foci. 


{Hi) whose latus rectum 


1 . • 

^ ; eccentncitj^ = 


2. (a) Find the equation of the ellipse 

(i) whose focus is the origin, directrix the straight line 
X cos a-\-y sin a=p and eccentricity e. 

[ii) whose focus is the point ( — 1, 1). directrix ^Ij® 
straight line a-?/-f3=0 and eccentricity [P. U. 1913] 

(b) Find the equation of the major axis and centre of 
ellipse in (it). 

3. Find the eccsntricity, foci, directrices, length and 
equations of the latera recta of the following ellipses : 

(0 V=81. (^‘») 16a:2+?/2=25. 


(Hi) 


X 


9 ^ 16 


[P.17.] 
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I «e, U) IS Za , prove that the loeus is the ellipse 

a%l~e2j [P.V. 19U] 

poini Jr e'i'X :":.E ‘j- 

2 «;, sm»ry 3 i„ y-« ■ p. y n 

^ 2 2 ' 

on tv o fixefpe\^enllia,lafst^^^^^^^^^ linfs ’ O^r and OB^^Sh'"' 

axesareOA^nd ^vhose sem!' 


h 


and and let AC 

c CB —f/. Let the co-ordinates of C be (.r, y), 

Frcm similarity of triant^les 


X 

a 


°-^nr,d f=OB. 

AB h aB 


Squaring and adding we have 


,r- 

a- 


y- OA2+OB2 AB 

ir-' 


Ab2 


AB2 


= 1 ]. 


*l^he hase of a triangle is flm cnv»-^ 4 .u * • 

iit --e J„f\r 

»»jjLt: j rjrrt oilt s: 

ot the base are {-a, 0) and (a, 0). 


*/ the Slim of the two sides is 2/;, we have 


^ ^ fj 

This on simplification gives us '^4-.^"—i 

a2 /y2 


which 


IS an 


ellipse. 

the equations of the tangents and normals to the 
ellip.se a-,a-+y-//r=l at the ends of the latera recta. 
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9, Find the equations of the tangents to the ellipse 
16 =^1 Bbt the points in which it is cut by the line 

3 /- 2 = 0 . 

10, Prove that the equation of a tangent to the ellipse 
^ 2 iQ 2 _^y 2 ii^ 2 ^l can be written as 

X cos «+y sin a = fjQ?‘ cos^ sin“ «• 

Hence find the locus of the point of intersection of per¬ 
pendicular tangents. 

11, If 6 be the angle between the tangents drawn from the 
point (Xi, yi) to the ellipse x^/a--\-y^jb'^—l then 


tan 6~ 





Hence deduce the equation of the Director Circle. 


12. Find a point on the ellipse 


x^ 

a- 


y 


i'¬ 


ll 


(i) at which the tangent makes equal angles 

axes. 


with the 


(P, U,) 


(ii) at which a tangent and a normal be drawn in order 
that they form, with x axis as base an isosceles triangle. 


13. Show that the locus of the middle points of the portion 

2 „,2 


of the tangenj}s to 


X 


a 


y. 


1 intercepted between the axes 


of co-ordinates is the curve „ =4, 

x- y^ 

14, Find the co-ordinates of the point of intersection of 
normals drawn to the ellipse + 1 at points whose 

eccentric angles are ©i and 


15. The normal at any point P(xi, y^) meets the major axis 
in G , show that AG.A'G=a^— t^Xi^ where A and A' are the 
vertices of the ellipse. 

[Hint. G is the point (e^xq, 0), A is {a, 0) and B' ( — a, 0)] 

16. If the normal at any point P of ellipse x^ja^+y-jb^—l 
meet the major and minor axex in G and g and if CF be the 
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perpendicular from the centre on the normal at P, then show 
that 

( 1 ) PF.PG=/;2 




a 


1 


/ . 


lind the locus of tlio point of intersection of tancrent 

n’l o O 

-1 drawn at points the sum of whose 


9 O 

.r- . ly- 


to the ellipse 

e ^ 0“ 

eccentric angles is constant ( — 2a). 

[/lint. Let the eccentric angles of the points be a — Q and 

Any ordinate XP of the ellipse + f- =1 meets 


(r 




the auxiliary circle in Q. Prove that 

(i) tangents at P and Q intersect on the major axis, 

(ii) normals at P and Q intersect on the circle 

\Hinf, Jf the point P be (a cos 6, b sin 0), the point Q 

is (a cos 0, ft sin 0). Solve simultaneously the equations of 

the tangents at P and Q to the ellipse and the circle respec- 

tivelv). 


,^2 


19. If fx-\-gij-^h = i) is the tangent to the ellipse +^^ = 1 

at the point whose normal passes through the point 

show that (ft~ — b‘)fg~x\gli~yih^=^0. (PV.) 

[Solution. /.r-f(7^-4-//—0 be a tangent at the point 

Tf^ 7/R 

- 1=0 


Then (1) is identical with 

^ a- b“ 


oc 

a-f 


/5 _ 





1 

h 


or a~ — 


h 


0 = 


h 


r * '~P~0 

A tlio point of contact is f 


X 


Xormal at tliis point is 


a^f b^g 

h y h^k 


«/ 

(rk 





b-il 


o 1 * xh g — If hf + ( a' —b~) fg 0. 

•/ I’liis passes through {xi, fh) wo have 

- '/iV+ («■ - *’] 
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20. Tangent at any point P of an ellipse meets the axes 
in Q and R. The rectangle CQTR is completed. Show that 


a- . 6 ^ 


the locus of T is 


X 


y 


1 . 


f “ 0 


[Hint. As in Q. 13 the points Q and R are ,, 

and ( 9 , — ^ '' 

V SI 

( 


) 


sin 0/ 
a h 

2 cos Q* sin 0 


and the middle point S of QIl is 
Since S is the middle point of CT 


T is 




a 


h 



V cos 0 ’ sin 0 

2L Show that the lines 2x~~y=Q and .T-f-3// —0 are conju¬ 
gate diameters of the ellipse 

22. Find a common tangent to the ellipses 


{i) - 




1 and w' I I j 2 


1, 


^ J- y 

(”) -2 + L2 


1 and - .r = l. 




a 


[Hint, (i) Tangent to the first ellipse is 

y = mx’i '\/* Find the value of m so that it may 
be tangent to the second,] 

23. Show that the locus of the poles of tangents to the 


ellipse 






the circle a;-+ 2 /-—is the ellipse 




a 


[Solution. Let the pole be (x^^ yi) Then its polar w. r, t. 


01 ^ is xxi~\-yyi—a^. 


X 


If this is a tangent to - - + 


ir 

IP- 


= 1 


we have cPx^-\-tPy^^a^^ 

locus of {Xi 2/i) is a^x^-\-}py^=a^], 

24* Prove that the locus of a point which moves so that 
the perpendicular distance of the centre from its polar w, r. L 

the ellipse + = 


1 is constant and ' equal to e 


is 


X 


y 


















CHAPTER IX 

GRAPHIC SOLUTION OF QUADRATIC EQUATIONS 


91. Graph of an equation. It has been shown how a 
specified locus or curve be represented by an equation ; 
the converse problem is to represent a given equation by its 
graph. 

If we know that the locus of a given equation is a straight 
line, its graph can easily be drawn ; it is only necessary to find 
any two points on it, plot them and draw a straight line 
through them. Likewise, if we know that the locus is a circle 
and can find its centre and radius, the graph can be drawn 
with the help of a pair of compasses. 

When the form of the curve is not known, the most 
straightforward way of obtaining its graph is to calculate the 
co-ordinates of a number of points, plot the points and draw 
the curve through them, Tiie main thing to observe is that, 
the point must be close enough together to enable us to be sure 
that we have found the general trend of the curve. 

911. Rule to draw the graph of a given equation. 

First step. Solve the given equation for one of the vari¬ 
ables in terms of the other. Always choose the simplest solution. 

Second step. By the formula find the values of the 
variable for which the equation has been solved by assigning 
real values to the other variable. 

Third step. Choose a suitable scale of length and plot the 
points whoso co-ordinates have been obtained above. 

Fourth step. Draw a continuous curve through the points. 

The above method of drawing a graph is from 
its nature an approximate method. But, more the number 
of points plotted and nearer they are to each other, the more 

aeeiirate is the graph of the curve. 

17t) 
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2. In practice the unit of length should be determined by 
the size of the graph paper compared with the greatest length 
to be laid off upon it. 

Example 1. Draw the graph of the curve x^~\-y^ —6a:-f-5=0.. 

Read the points of its intersection with the x-axis, 

\ 

First Method 

First step. Solving for y, 


y=±^/6x~5—x^. 

Second step. By assigning to x values differing by unity 

and finding the corresponding values of y, we obtain the table 
of values given below : 


1 ^ 

y 

X 

y 

1 ^ 

Imag. 



1 1 

0 

-1 

Imag.j 

1 ^ 

-tl7 

—2 

‘ 

Imag. 

3 

± -2 

etc.i 

% 

etc. 1 

1 ^ 

±17 



5 

0 



6 

1 etc. 

Imag. 
etc. ; 


_ 


1 unit=3 times the side of a small 

square. 



Third step. Plot the points (1, 0), (2, 17). (2, 

etc. etc* 


17) 


Fourth step. Draw a continuous curve 

points. This gives the required graph as 
figure. 


through these 
shown in the 


Second Method 

^+2/^—6a;+5 = 0 represents a circle whose 
•fi whose radius is 2. Plot the point (3 0) 

rouare radius=six times the side of small 

square (2x3-6) draw a circle. This gives the required 
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This circle meets the ar-axis in the points A and B where 

04 ^. 1 , 3 = 1 , and OB=J. 15=5. The points of intersection 
with the .T-axis are (1, 0), (5, 0). 

This can be verified by solving the equation of the circle 
simultaneously with 7 /= 0 , the equation of the a;-axis. 

9 12. Graphic Solution cf Equations. Graphs of curves 
are often useful for obtaining approximations to the roots of 
the equations. The following examples illustiate the method. 

Example 2. t'ivd gTaphically (he roots^ of the equation 
< J-r 'i — 0 correct to first figure after the decimal point. 

o (u j jj . [P.U. 1942] 


The roots of the given equation are 
points of intersection of the circle 2 (a;- 
2 /=u(l (.c., .r-axis. 


» 

the abscissae of the 
+ 3 = 0 , with 


The equation of the circle can be written as 


.r “ 




its centre 


is ( -1, 0) and radius= \/1 = \/ V 


= ix3‘2 = l*6. 
Plot the point C ( — 1, 0), 

With C as centre and radius equal to 
S tiini'S the side ot a small squaic 
(PO X draw a circle. 

Jf this circle meets the a*-axis 

in the piunt.s A and B. 

OA and (-)H are the roots ot the 

tM\a*n equation. 



(-v.i) 




tlic roots arc *b and — 6, 


One unit = 5 times the 
side of a small square. 










































































































































































































CHAPTER X 

THE HYPERBOLA 

t 

10. Def- A hyperbola is the locus of a point which 
moves in such a way that its d/istaricc fi'om a fixed point bears a 
coTisiani ratio \rnore than one) to its distance fTom a fixed 
straight line. 

The fixed point is called focus, the fixed straight line the 

directrix and the constant ratio is called the eccentricity* Tlie 
latter is denoted by e. 

10 1 . Egnation of a hyperbola in simplifi,ed form. 

Let S be the focus and ZM the directrix. Draw SZ per- 

pendiculaT to the directrix and divide it internally and exter- 

nally at A and A in the ratio c : 1 so that A and A' are points 
on the locus. • 

Let C be the middle point of AA' and let A'A=2a. 



Then we have A'S^-eA'Z (i) AS 
Adding (i) and (u) 

A^S+AS=.c(A^Z+ZA) = eA'A. 

/. 2CS = 2ae, 

Subtracting (U) from (i) we get' 

A'S-AS=€(A'Z-ZA) 

AA'=e [A'C+CZ-(CA-CZ)] 

«> 


e'ZA (ii) 


CS =ae 


or 2a=2e, CZ 

* * I 
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Take C as origin and the x-axis along CZ and let (x, y) 
be the co-ordinates of any point P on the locus, NP the ordi¬ 
nates of P and PM the perpendicular to the directrix. 

Then 

SN2+NP^ ^ e%CN - CZ)2 


• # 


or 


{x —ae) “ 4* 


( 


X 


V 2 

\ =(ex—a) 


a \2 

e 


or - 1)— y^—Q?{e^ —1) 

and dividing by a\e^ —1) this gives 

y' 

a^(e^ — 1 ) 


X 


a- 


1 




Since e is greater than unity a^(e^~l) is a positive number 
and, if we take for a^ie^—1) the equation becomes 

...( 2 ) 


«y =1 

a- 

and this is the standard form of equation of a hyperbola. 

..^2 ^,2 


X 

lO'll. Putting y=0 in the equation ^ 

CL 


y 

62 


1, we get 




so that the x-axis meets the h 3 ’perbola in points A (a, 0) and 

A'( —a, 0). 

The points A, A' are called the vertices and AA' the 
ti’ 3 nsverse axis of the hj perbola. 

Now putting x=0 y 

in the same equation, 
we get ?/^= —6“ 

y-axis meets the 
livp^frbolti in iiiiftgiu<ir\ 
points. If however, ^se 
take on the ;)/ axis two 


;::^;trv;nd y;uca:rhat cB=cB'^ caned the 

conjugate axis. 

C is called the centre of hyperbola. 

Latus Rectum. The chord of the hyperbola passing through 
,|K- to“.r«...1 to AA' is called a Latus rectum. 
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Rectangular Hyperbola. When a~b, the hyperbola is 
called a rectangular hyperbola. The equation of a rectangu¬ 
lar hyperbola, thus, is 

1012* Shape of a hyperbola* 

As we have already seen the x-axis meets the hyperbola 
in two points A (a, 0) and A'(—a, 0). The y-axis does not meet 
the curve in the real points. 


Now writing the equation of the curve in the form 

y=^~'s/x^-a^ {i) 


a 


we find that for values of x lying between —a and a, y is 
imaginary. Thus no part of the curve lies between the lines 


For values of x, not lying between—a and a, there are 
two equal and opposite values of x /. the curve is symmetrical 
about the x-axis. 


Again writing 


the equation in the form 




it is clear that for every value of y, there are two equal and 
opposite values of x, A the curve is symmetrical about the y-axis. 


It is also clear from 
equation (i) that y in¬ 
creases with X and there 
is no limit to this in- ' 
crease. The shape of 
the curve, therefore, is 
as shown. 


f 



!M 


10'13. A hyperbola has two foci and two directrices. 

On the line CA', 

take the points Z' and ^ 

S' such that CZ'=CZ 

—a\e. and CS'=CS . _ )A_ 

—ae.. s' 

Through Z' draw 
M Z perpendicular to AA'. The hyperbola, being symmetri 
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cal about the y-axis, S' will be the second focus and Z'M' the 
second directrix. 


X 

a 


,2 


2 


The co-ordinates of the two foci of the hyperbola^ 
= 1 are (ae, 0) and ( —cte, 0) and the equations of the 


y 




corresponding directrices are x 

10’14. To find the 

length of the latus rectum 
of the hyperbola. 


a 


and X 


a 


.T- 


a- 


ir 


Let LSL' 



y 



k 


5 \ 

£ 

f 

s 

A" 

^ A \ 

K 


be the 


I 

1 


c 


latus rectum. The co-ordinates of the point L are (CS, SL) 
i.e. {ae, SL). 

Since it lies on the hj’perbola, we have 


2.2 S'L2 


a^e , 
* 

a- 


62 


1 


S'L2 

62 


= 1 


or S’L2=62 (l-e^)=b^X 


62 


a 


¥ 


a 


/, S L — 


¥ 


a 


Hence'the length of the latus rectum is 




a 


Exetcises X (A) 

Find the equation to the hyperbola, referred to its axes as 
axes of co'Ordmates . 

1. Whose conjugate axis is 7 and which passes through 

the point (3, 2). . . o j 

2. The distance between whose foci is 8 an w 

oceeiitricity is \/2. 
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3. Whose conjugate axis is 2 and the distance between 
whose foci is 2^ 5. 

4, In the hyperbola 4x^ —9^ = 36, find tha axes, the co¬ 
ordinates of the foci, the eccentricity and the latus rectum. 

5, Find the eccentricity and the. co-ordinates of the foci 
of the hyperbola 

6. Trace the hyperbola 4y^ — 25x^—100. Find the co¬ 
ordinates of foci, the equations of the directrices, the eccentri¬ 
city and the latus-rectum. 

10*2. Equation of the tangent at a point. To find the 

equation of the tangent at the point P (Xj, yi; .of the hyper¬ 
bola. 


Let Q (Xg, ^ 2 ) he another point on the hyperbola. 

The equation of the line passing through P (^ 1 , 2 / 1 ) and 

Q (a-2, ^ 2 ) is 


y--2/i _ yi-y. 

X — — X2 

Since P and Q lie on the hyperbola, we have 

1 • 

^9 7. o 

0 “ 


* « • 




and 


1 

• 

Xg 




b- 

4 

or 

2 / 1 -.V 2 


Xi —Xg 

2 / 1 + 2/2 

Substituting this value 
chord PQ is 

of 

Xi “-X’g 


y—Vi 

Xi - j- Xg 



yi+y^ 


Now the limiting position of this 
P is the tangent at P. 



in (1), equation of the 


■ » * 



chord when Q tends to 
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Putting 2 / 2 =J/i, in (4), the equation of tangent 

at (Xj, 2 / 1 ) is 


y- 

2/i - 

_ 6* 

X, 

x-^ 

Xi 


2/1 


or 

% ^y- 

2/i)- 

/ \ 
-jr (*-*0 

or 

2/2/1 

yi^ _ 

XX^ Xj^ 

~W 

6“ 



XXi 

2/2/1 - 

Vx 

or 


62 

d^ 6^ 




=:! 

• 

XX-, 

2/2/1 

= 1 

♦ * 


62 ' 


is the required tangent. 

10'21. Equation of the normal To find the equation of the 

normal at the point P (x^, yi) of the h 3 "perbola 
The slope of tlie tangent 


XX 


1 


a“ 


VVi 


1 


at the point 


(^l» Z/l' 2 

\ II ^1/ 




the slope of the normal at (xj, J/i) Is 
Hence the required equation of the normal is 


y-Vi 


or 


=—U'-a-i). 

O'Xj 

X—Xi y ~yi 

"Ih 


h- 


which can also be written as 


d^x 

x% 




Ifi 
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10'22. Intersection of a line and a hyperbola. To find 
the points of intersection of the line y—mx-^-c with the 
hyperbola. 

^ ^ 

of 62 


The equation of hyperbola is 


X‘ 


w 


62 


1 


and that of the line is 

y=mx-\-c 

Solving (1) and (2) simultaneously, we have 

x^ (ma:+c)2 


a 


62 


1 



# ♦ * 



or h^x^—'a^(m^x^-\-2mcx~\-c^)=a^b^ 
or a:2(a2m2—62) -(-2a2c???a;— a^(c^ 62)=0 


which is a quadratic in x and gives two values of x. 

Substituting these values of x in (2), we get the corres¬ 
ponding values of y. 


Note. 


As must be clear by now, most of the results for 


the hyperbola 


y 

= 1 are obtained by methods exactly 


similar to those employed in case of the ellipse ^ + =1* 

b2 

We will, therefore, leave the proofs of the following articles 
as exercises to the students. 


10*23. Length of the intercept. Find the length of the in- 

-*2 2 

tercept made by the hyperbola on the line 

y=nix~j~c and deduce the condition that the line may touch the 
hyperbola. 

11*24. Conditon of Tangency. To find the condition that 

/v*2 2 

the line y-mx-^c may touch the hyperbola —r—--- =1 

Cor. Show that y=nix -^is a angent to 
the hyperbola for all values of m. 
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Exercises X (B) 


1. Find the equations to the tangents —3i/2 = 24 
and normals to the hyperbola at points where it meets the 
line y = 2 

2. (a) Find the points common to the hyperbola 
2x“ —3^2 = 20 and the line x = 2y. 

(h) Find the length of the straight line intercepted by 
the hyperbola. 

3. Find the equations of the tangents to the hyperbola 

which are parallel to the line y^^x+1. 

4. Find the tangents to the hyperbola —which 
are perpendicular to the line 3 t— 4?/+o=0. 

5. Show that the line x cos a-^y sin will touch the 


X“ 

hyperbola o 


o 

ir 


l if cos^ a — b- 


6. Show that the line Ix-^fny 


bola 


X 


a 


—— = 1 if 
6^ 


sin^ a=^^. 

n will touch the hyper- 


10 3. Position of a point relative to the hyperbola. To 

show that a point (.x’j, y^) will be outside, on or inside the hyper- 

y . 

Ya 


o 

bola - ^3 


1 accord¬ 


ing as 


1 


- 2 

1 


a 


2 62 ^ ’ 



= 1 or >1. 

From the given point P' 

(^ 1 , Vi) PL 1_ on 

a'-axis meeting the hyperbola in Q (^i, 2 / 2 )* 

Now Q ( ti, 2/u) lies on the hyperbola 
a2 62 


o 


a 


2 


y-i 

b"- 


1 


or 


.. 2 


a 


1 ) 


P(X) Vi) 
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Now P will lie outside tlie hyperbola if 2P is 
greater than 2Q i.e.. 



2P2>2Q2 

or 

yi>b^ 

(S-O 

or 

Vi 

62 

/y* 2 

- 

or 

•^1 _ _ 
a2 

1 

0-1 55 

1 

A 

0 

P will lie on the hyperbola if 


2P2= 

2Q2 

or 

y\ = 

\ a? V 

or 

y\ _ 
62 

*T ^ 

- % + 1=0 


or 


a 


2/1® 

62 


1=0 


and P will lie inside if 

2P2<2Q2 

or ^ * 


or 


or 


Now P, 


w 


1 1 


2/i_ 


Xj 

a 


2 


a* 


- - - —1>0 

62 


62 


a2 



) 


2P>2Q 


Vi 


>b^( 


X 


s 

JL ; 


\ a 


/ 


numerically 
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Vl 


X‘ 

d 


4l>0. 


10*31. Tangents from a point To prove that from any 
point t\yo tangents can be drawn to a hyperbola, and that 
they are real, coincident, or imaginary according as the point 
is outside, on or inside the hyperbola. 

[Hint. Proceed as in the case of the corresponding 
article on ellipse.] 

Example!* Find the locus oj the point of intersection of 


X 

d 


r 


i. 


poyeyidicular tangents to the hyperbola 

The line + —•••(!) 

is a tangent to the hyperbola for all values of m. Hence the 
equation of the perpendicular tangent is 

1 


y 


ni 


a: + 



62 


or — — b‘^m'^ ...(2) 

To obtain the equation of the locus of their point of 
intersection, we have to eliminate 7n between (1) and (2). 

Squaring and adding we get 

- 2mxy=a-}ii^—b^ 

7/1“ y 2 + X 2 + 2 7/7 xy =a^—b^rn^ 

x^- + ,/ = a^-b\ 

is the equation of the required locus which is evidently a circle 
hiiviiiLT its centre us the 

Til is is called the Director circle. 

F^amole 2 The locus of the feet of the perpendiculars from 

the fo^Zau,, taut,cut is the aurUiary circle. 

■ * * 

The equation of any tangent is 

y = m.v + >y/ — ... (1 ) 

This line thioiitrh (etc, 0) perpendicular to (1) is 

-1 , 

,/_(.)= (.r--a£). 

m 


..( 2 ) 
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To obtain the locus we eliminate m between the two 
equations. 

— 2mxy = 
m^y^ 2mxy— 

Adding the two equations we get x^+y^=a^ as the locus 
required which is obviously a circle. 

This circle is called auxiliary circle* 

3. Find the equations of the tangents to the hyperbola 
3a:-—4?/^= 12, from the point (2, 3). 


Geometrical Properties 


10’4. Show that the difference of the focal distances of any 
point on the hyperbola is constant and equal to the transverse 

axis. 


Let P (xj, yf) be 
any point on the hy¬ 
perbola with S and S' 
as its foci. 

Join SP and S'P 
Draw PNN' .L to 
the directrices meeting 
the same in M and M'. 



Draw PM ± on the a:-axis. 

Now SP=e;PN=e.MX=e(CM-CX) 



SF=c.PN'=e,MX'=e(CM+ CX') 


=e (ari+--)=ea-'i+a 

C5 

/. S'P—SP—eajj+a—(ca;i—a)=2a > 

10*41. \Locus of the middle poirds of a system of parallel 
chords of a hyperbola. 

The equation of the chord joining the points 
(^ 2 » on the hyperbola is 
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y~y^ 

x~x 


i 


.Tj-l-a;, 


1 a‘ 2/1+2/2 


(by Art. 7) 


the slope of the chords 


m = 


a 


3^1 "f” Xi 

2/i+J/2 


^ U I I a Z ' 

If (/)-, Ic) be the middle point of the chord, then 

, a:, + rj Vi + y2 

a= ~ 2 ’ 2 

52 2 /i 

a2 • 2k 


• * 


• • 


or fc “ — 2 ^ ^ 

* 

the required locus is the equation 

62 


2/ = 


a“m 


X 


W • 

Avhich is a straight line passing through the centre. This is 
called a Dismetei*. 

62 . ; 

X be Avritten as y=m x. 


If 


a 2 m 


then 7n 


62 

a^ru 

62 


or ?/im 


a 


2 


o 

.r- 


i 


Example 

ir 

* f 

O 


Find the equation of.the chord of the hyperbola 

__ y\ ^7 „.]iich is bisected at the point {2, 3). 

* > 

If the slope of the chord be m its equation is 

!/ — (x—2) 

h _ 3 2 

hut 


m — 


1 


a" /i* 4 3 

(.r the equation is x —2^+4=^0. 

Exercises X (C) 

I The tanp-Lt at any point P ot a hyperbola mee^ tlie 

iranevor* axis in T ami Iho ““)"f Jf p"te tS 

the feet of the pevpeiuliculars lioiii I on the axis, t^io 

CN. OT=a.“ and 
CN. a=-i>- 
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2. Prove that the tangent and the normal at any point 
of a hyperbola bisect respectively the internal and the exter¬ 
nal angle between the focal distances of the point. 

3. The normal at any point P of a hj^perbola meets the 
transverse axis in G and conjugate axis in g. F is the foot of 
the perpendicular from the centre C on the norniaL Prove that 


PF. PG-62 


PF. Vg=aP‘ 

10*5. Chord of Contact. As was proved in case of the 
parabola and ellipse, it can be shown that the equation of the 
ehord of contact of tangents from P to the hj^perbola 



_ 10*51. Pole and Polar. The polar of a point w.rd. a 

hyperbola is defined exactly as in the case of a parabola or an 

ellipse. The student can easily show that the polar of V(x^ lu ) 
w, T. t. the hyperbola v i, 

^ 1 . 

52 "-I is 


X X- 


yy\ 

62 ' 


1 . 


P is called the pole of the polar. 

Example 1. Slioiv that the polar of either focus of the hyver- 
oola IS the corresponding directrix, 

Let the equation of the hj^perbola be • 


X 

a 


y^ 

'6 


1 


« 4 


the polar of the focus (-ae, 0) w. r. t. the hyperbola is 
x(-ae) , 


a 


1 or x = 


focus^ equation of the directrix corresponding to the 

poZe 0 / the line 2x-3y=6 wr.t. the 


X 
Q 


V 


J. 
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Let (X], yi) be the pole of the line 2x—3t/—6=0. 

The polar of (xi, yi) is 

9 3’ 

The two equations represent the same straight line. 
Comparing co-efficients we have, 

18 12 6' 

xi=3 and 2 /i= 2 . 

Hence the pole is the point (3, 2). 

10 ' 52 - Tbe following properties of pole and polar follow 

at once p passes through Q the polar of Q pass¬ 

es through P. 

P and Q are called Conjugate points. 



[iii) If the pole of h lies on then the pole of lies 
and K arc called Conjugate lines. 


Exercises X (D) 



.rate vur.t. the hyperbola 


conjugate n\r. 
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10.6, Parametric Representation. Find the parametric 


equations of the hyperbola « 


62 


1. 


Let P (a;, y) be any 
point on the hyperbola 


X 

a 


z 


62 


1 


...( 1 ) 


Prom N, the foot of 
its ordinate, draw NR, the 
tangent to the auxiliary 
circle. 



Let ^NCR=0 

Then CN=CR sec Q [*.• sec6=-^^J 

CR ^ 


=a sec Q 

Now substituting this value of .r in (1), we have 

sec^ Q 
o? 62 

fr=sec2 0—l = tan20 


y^h tan Q 

Thus x=a sec 6, y~b tan 0 are the parametric equations of 
the hyperbola. 

a2 62 


Q being the parameter, 

4 

• Show ^that the equation of the tangent at a 

point 0 IS 


— sec 0 

a # 


y 

b 


tan 0=1 


Cor. 2. Show that 
same point is 


the equation of the normal at the 


^ by 
sec 0 tan 0 


^2+62. 
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10*6L Asymptotes. An asymptote is a straight line 
which meets a curve in two points at infinity but which is not 
altogether at infinity. 

We have seen that the tangent at {a sec 0, b tan 0) to the 
hyperbola is 

--sece--r tan 0=1. 
a b 


This can be written as 


X 

a 

If we put 


— y [sin 0 = cos 0. 
b 

0= , the equation of the tangent becomes 



This is a line passing through the origin and is a limiting 

position of the tangent to the curve as the . point of contact 
moves to an indefinite distance along either of the branches. 

- Sir 

Similarly if we put 0= 

the equation of the tangent becomes 



which is also a line through the origin and the limiting position 
of the tangent to the curve as the point of contact moves to 
an infinite^listance along either of the branches. The lines 

„ A =z0 or in one eauation — — Vr ” 0 

I) 


:r 


0 and --- •/ =0 or in one equation ^ 


are called the asymptotes of the hyperbola. 

They are tangents that pass through the centre, their 
points of contact being at an infinite distance. 

10 62 Conjugate Hyperbola. Hyperbolas are said to be 
conjugate if the transverse axis of one becomes conjugate axis 

of the other. 
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Thus the hyperbola 


^ I 


-=1 is 


conjugate to the h 3 ^perboIa 




y 

62 


10*63. Some properties of conjugate hyperbola 



A'A, B'B are the transverse and conjugate axes of the 

2 ^ y2 

62 ' 


hyperbola 


X 


1 . 


a 


' Now the hj^perbola = 1 meets the axis of y in 

real points a:=0, y^^h. 

So that BB', A'A are transverse and conjugate axes of the 


hyperbola 


a 


62 


1 . 


z 

w 


Both curves have the Same asymptotes namely the lines 

2 A «2 


y 
62 


0 . 
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The parametric representation for the conjugate hyper¬ 
bola is x' = a tan 0, y~h sec 0. 


10’64 Conjugate Diameters. Two diameters are said to 
be conjugate v;hen each bisects chords parallel to the other or 
when one is parellel to the tangents at the ends of the other. 


Xiet a diameter PCP' of the h 3 ^perbola 

^.2 ^ y - 

a2 '62 



meet the curve in points, P, P . Let P be the point (a sec 0, 
h tan 0). 


The equation of the tangent at P is 

— sec 0—^ tan 0 = 1. 
a b 

The parallel line through the centre is 


X 

a 



sin 0. 


This line meets the curve 

(J/ 




7/2 

Where sec2 0 

which does not give real values for y so that the diameter 
conjugate to PCP' does not meet the curve in real points. 

But the line (2) meets the conjugate hyperbola in real 

points M'here 

y= ^b, sec 0j tan 0. 

We speak of PCP', D^D' as conjugate diameters, although 
P. P' are points on hyperbola (1) and D, D' are points on the 

conjugate hyperbola. 

10 ‘ 65 > Prove CP-—CD^=o"—i*" 

Now CP"=n^ sec- 6 + b^ tan* 9 

CD*=a’^ tan-sec^ 0 ' 

rp2—CD2=a2— 

A A 
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10*6 6 The rectangular hyperbola. 

of a h 5 "perbola are at right angles, it js 
hyperbola. 


When the asymptotes 
called a rectangular 


The lines 




are at right angles if 



or if a~b. 

Hence the equation of a rectangular hyperbola is 

and its asymptotes are x~y = 0 and 

Example 1. Show that the eccentricitrj of a rectangular 
hyperbola is \/2. 

The equation of the rectangular hyperbola is x^ —y^=l 

a-b. 

Now —1) 

/. 1——1 or e^ = 2. 

Example 2* Find the equation to the hyperbola whose eccen¬ 
tricity is 4 , whose focus is (a. 0) and directrix is 4x—3y~-a = 0. 


Now, SP=ePM. 

If (x, y) is any point on the hyperbola 


\/ (x-~a)^-\-y^ 


5 

4 


/4x—3y—a 

(-6 


# * 


{x—aj-ry^ 


(4a; —Zy—a) 


16 


L 


or lyi^ 24ay— 24aa:—6ay -}-1=0 
Example 3. Prove that the points 
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d 


y 


1 for all values of t. 


and show that the equation of the chord joining two vovras 
on the hyperbola whose parameters are t^ and is 


X 




a " b 

and deduce the equation of the tangent at 


Sol 


[t 0+')]' [ 2 (‘+>)] 


a 


6* 


irr 


[ 0+1 r -0 


1 


t 


yn 

j\ 


the point lies on the hj^perbola. 
The equation of the chord is 


[y- 


b 

2 


/ 1 \1 _ 2 


1 


t 


t 



1 

t. 


t 


1 


] 


■ 


a -; 


a 

"2 




or 


X 

a 


(l-rhti) 


V 


(1 ^1^2) — ^2 


Hence the equation of the tangent at the point 




Example 4. Find the locus of the poles of 
of the hyperbola 


Normal chords 


a;- ?r 
a2" "■ 6- 


If xpji be the pole of the variable normal 
aa' sin <f>-Tby = (n~-Tb') tan <f> 


XX 


w 


yy\ 

b- 


1 


...( 1 ) 

:..(2) 


it must be the as 
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•Comparing (1) and (2) 


a 


X 


sin (f> 




y 


Eliminating t.e., sin <!>■ 

cos (f) 


(a^+b^) tan (p 

-b^xi 


a 



Qj. a^yZ—b^x^=(d^+b^)^x^y^ as the required locus. 


Exercises X (E) 


1. Prove that the lx-\-my=n touches the rectangular 
hyperbola xy=e^ if n^=4imc^. 

2. Show that tangents to a rectangular hyperbola at the 
extremities of its latera recta pass through the vertices of the 
conjugate hyperbola. 

3 . If the polars of (a:p j/i>, 2/2) with respect to 

/}*2 ^ X\Xit I ^ 

— « =1 a-re at right angles, then - " + 1.4 ““9. 

a } b ^ 2/12/2 ^ 

4; The poles with respect to y^ —4ct:r=0 of tangents to 
x^-\-y^^a^=0 are on the hyperbola 4x^—2/^=4a^. 

5. Find the equation of an hyperbola when referred to its 
asymptotes as axes of co-ordinates. 

6. If the normal at four points on a hyperbola meet in a 
point, prove that the sum of the eccentric angles of their feet is 
equal to an odd multiple of 

7. Find the equation to the hyperbola whose asymptotes 
are given by a;+ 22 ^+ 3==0 and 3z-\~^y+5=0 and which pass 
through the point (1, —1). 

f. 

Sol. The hyperbola is given by 

(a;i-2y+3){3a;+4y+5)=c 

where c is determined by the fact that the point (1, —1) lies 
on the hyperbola. 
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Exercises I (B) (Page 4) 


1* (0 5. 


(n) v'lS 

(i’) Va"-f-c2+2?;2- 


(m) ^37 ^/2{a^+h% 

— 2ab. ’ (vi) a\/2i^l—cos(ct— '^j] 

Exercises I (C) (Page 10) 


1* (}) (3, 4). (li) (— 3, 0 ). (Hi) (a, c), 

2. (i) ,/5X (ii) 


(ni) (-5, 3), (], -3)(7, 5 ). 

3. w ry-. ^ ® 

\ o 


.“)■ 


(•'0 ( ^ -3 )• 


(iii) 




(iv) ( 11 , - 12 ). (r) 


25 


6 


33 

6 


)■ 


. (i) (7 : -7). (b) (5 : 1). (1 : 6). 

5. (L 3 ). 6. (-25,-171); (-15, -15), (-5, -12^). 


7 . (/) (2, -1). (i0(2. 3). 



;\ 10 .i\ 

f 3 i 3 } 


8 /lRf> 915 \ 
• V 7 7 '> 7 7 } 



\/ 12o —^\/ 20“|~3,y/ 45 
V20+V45+\7r25 


2v/125+\/20(4)-6 v'45 
V 125+^/20+^45 


Exercises I (D) (Page 17) 


1 . (0 (+8). (ii) (20). 

(i-i) 


(iii) (40J. (iv) (t') (2). 
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Exercises II (Page 17^ 



1. 6a:-42/—12=0. 2. (i) y~2x 

3. a:^—4x—6y4-13=0. 4. 4a:“+42/2-|-3a: 

5. (i) 4v “ 2a;+4=0. (n) 12x'-7=0. 

6 . (2, 1); (V5. 6) ; (-2, -1). 11 . 0. 

12. (±3, 0) ; (0, ±3). 

Exercises III (A) (Page 20) 


3y=4a: 



= 0 


. 1 


3. (i) —7 ; 2 > 


-2 

ir* 





- 7 ^ ^ • 


3 J 


5. 


7 •3-- * 

* > 6 J 


- 8 - 

11 


-1 . -6 . —9 
2 ’ '7 ’ 5 • 



1 . {i) y=l. (tt 
3. (i) .v-!-a:=4. 

4- (?•) 6a;— 5y—30 
5. >w=i, c=6f. 


Exercises III (B) (Page 24) 

=0. 2. y=7, ?/=ll and 

(it) ?/4 -y'^3x+6=0. {Hi) y= 
(tt) a;-i-y=15. (in’) a;- 

6. 3a:+27/-12 = 0. 


?/=16. 
■X~\~ I. 

w=.-4. 


1- (*) 2/=|a;+f. 


Exercises III (C) (Page 29) 

(ii) “|a;+J. 


(in) y=—x cot a-\-p cosec a. (iv) y = — x-\-b. 


X 


2. (*■) -^+ 


y 


-8 6 


1 . 




ti) x-i- -- 



1 . 


(tn) 


X 


y 


c c 


m 


3. (i)-|-a:+ ~y=l 


(iv) 


X 


y 


m) 


— + — 

p sec « p cosec a 


1 a/3 

-Try 




(tti) 


m 


xA 


y 


r ^ -12 , 5 

(tt,) _ -y 


9 


A/l+m2 \/l+m2 ^l+m^ 


13 ’ 


5 


«> . 
O . 


O 


6. 3:4. 
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Exercises III (D) (Page 34) 

1, j/-f-:c = 0. 2. 10*T'f-72/ —11=0. 3. 4a:“-5y-|-13=0. 


5. X cos 



-\-y sin 



6 

a: 

cos 


0 —0 

= cos . . 

m 

a 

2 b 2 



7. 

7x+i/— 

11=0, a:-[-3j/-|-7=0, 

3x— 

y+i=o. 

10. 

1 : 1. 

11. (6,8). 

12. 

1 1 . 

4) 3* 

14. 

x+y=5 


15. 

+ ^=2 
o 6. 

16. 

4x--3y: 


17. - 

-3^2. 



Exercise IV (A) (P 

'age 40) 

1. 

(i) 60' 

’ (ii) ^o° (Hi) (a 

-i8), 


O 

■fo K* -1 

«6' - a'b 



M* 

uStri 

aa'+bb' 


' 

4. 

(i) 3x 

—4?/-f6=0 (ti) < 

x+y- 

-2=0 


(m) a(x—Xi)+6(y-yi)=0 

5. (i) 12x—5?/=0 

(It) B(.r-Xi)-A(2/-2/i/=0 

6. xi' — yy'=x^—y'^ 

7 . (i) fnx-ly’f-lk—mk—O 

{ii) qx+py=(iq-rbp 



X 


_3»_4=0 


9. x+2y—9=0 ; 3x—5j/+8=0 ; 


6j;+ 2/_19=0 10. (i) 3x+?/-17=0 ; x-3i/+ll-0 


(it) y-k=. 


, w+t.an a , j,v . 

— {x—h ); y 




tan OL 


ni tan a 


1 171 ta»n ® 


(a;—A) 
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Exercises IV (B) (Page 46) 

ab ah 


1 . (i) 1, 2 (ii) (3, 5) (ii) 


a~^b a+6 


2. (0 36 -(ii) c2 3. (i) 4x+5y=0 


(ii) 64x~23y=5Q (in) 6a:+13y 
'^'X+by+c _ a'x+b'y+c' 

a'x+b'y'^c' 

(i?) 62a:4-93y-“ 165=0 


25 


4. 3a:-2y—7=.0 ; 



rii :-'7A 

V 13 13 / 


-2=0 ; a:-4^—3=0, 


6- 2 Wlj (C2 — C3^ = 0 


7. a=5 


Exercises IV (C) (Page 51) 


1. (i) 1 (it) 3 (tit) 


6* 


a 


■\/ b^-^a~ 



(tv) 

a^+a6—6^ 

(f) 



V a^+6“ 


3. 

(0 u 

(«) (Is, -s 

rV) (in) 4x-f3t/=25 

4. 

ih 1) 

. f1 Z\ . 2 

j V5*5/) 5* 



5. 

5 

\/2’ 

5 6 

^iF Vl3 

24 

6. (i) -g - 

(ii) J 


(in) 

c'—c 

c—d 


7. 

( 

\ 7 

“vr “ 

’ 7 j ’ 1 ' 

■ 24 — 24n^ 

7 ’ 7 y 

8. 3a;-}-% 


and 3x-\-4y—3Q 

=0 9. (2, • 

-3) 

10. 

14 

Vl3 

28 

Vio 

28 



i-10=0 


I 
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1 


Exercises IV (D) (Page 55) 

(3,-4) lies on the same side as origin ; 
opposite side. 


(4, 2) on the 


4 . 

(i) 

3.r —llj/= 

= 0 and 


(ii) 

.t( cos 0:4; 

cos (3)- 

5 . 

(i) 

14Td-8^^ 

-271 = 


[ui) 

a:-|-7y = 0 

6 . 


iii) 

ll,r-3,v+l=0 

7 . 

(0, 

1 ) 



0 (n) X —3y —5 = 0 

(i) 7.r — 56y +228=0 
(m) 209.r+437?/~217 = 0 


Revision Exercises I. (Page 56) 


6. 

(2, -1). 

8. 3y^- 

-X“=0, 

9. 2x—y 

— 9 

10. 

(0, 0), (?f. 

1 6 \ 

17/* 


13. 2. 


18. 

•r— 2/+1— 0, 

7.T—4?/-l-l 

= 0, Bx- 

— 5^“ 1 =0. 

0. 

19. 

45". 

20. 4.r- 

y-o^< 

0, x + 4^--14 = 

21. 

O' 9 0 

22. .T-t- 

7)/+.(64 

;5y2)=0. 


23. 

7.r-2fiw-3.3-0. 


24. c*.\ 


27. 

.r+2/=4. 

28. .t(x 

~f>)+y{y—k)=o. 

-4). 

29. 

/ 5 9 2 5 \ 

^105 8‘/* 



30. (-4, 



Exercise 

V (A) 

(Page 64) 


1. 

(i) x^+y-~ 

6t + 4?/— 3 

-0 (w) 

4x- + 4j/“~ Sax- 

-Say-\- 


(in) T--\-2r 

Gx-f lO/y — 

19=0 



2. 

(i) (0. 0), 7 

(it) 

(4. 3), 7 

(iii) (3, - 

-4), 4 


=0 


(iv) 


a 


(li) (ot 1) > 


1 ) \ . 1 n\ . n 

.. 1 ; ^ . - (v) (- 1 , 0 ) ; 0 


);2 


2 





4 

o 


{viii) ^ Y 


3c/ 


in 

4 


3. i*+!/2-J.r-0//+4=0, 

6 . (i) x-+y^-4-r-(3y—S^0. 

(it) x^+y-—Sx—l0y — S = 0, 

7 . ( 10 , 7 ) 


5 , x^-{y^ — 4x — Qy — 87 — 0 . 
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# 


9. 

10. 

11 . 


(i) Sx^-{-3y^--5x~5y~0 

(u) x^+y^+4x—*Sy=^0 

(ia) a;2+?/2~13a:-13^+52=-0 

(iv) X‘^-^y^—4:X~4y+l = 0 

(v) x^-^y^~j-x~5y—2=0 

(vi) 13a:—5?^+16--=0. 



5x^-\- 5y^ — Sx+4y —5=0 


(i) x^-\-y^ —5a:-[”3?/ — 22=0 

(ii) a2+2/^-10a:+J5 = 0 

(in) a:^ + 2 /^+a (sin 6 —cos 6)^ 
— b (sin0+cos 6) 


. a/g-+6“ 


sin 0 cos 0—0, 


12. («*) 0:^+2/^—6a:—22/4-5 = 0 

(ii) x^-\-y^ — 4x—2y~5 = 0 

(iii) a(a:^4-2/^) —— b^)x—b^a — O 

13. (^— 2 )^+( 2 /+1)^=16 and (x — 6)2 + (7/ —3)2=16. 

14. (i) x^+y^-l0x-l0y + 25=0 
(ii) ^2+2/2 — 2aa: — 2a2/+a2=0 

(iii) o^+y^+2 ±\/(x+y) +37+10^12=0 

(iv) a:2+2/2 —6x'+42/ + 9=0 

15. a:2+2/2—3a:+72/ + 2 = 0 and x^-\-y'^ — Zx+y~\~2=0 

16. 0:2 5a: j_5y^o. 

17. 2H2/'-13x+--+?^2/+36+0. 


Exercises V (B) (Page 72) 

1. 2a:+32/=13 ; Zx—2y = 0 2. 3a:+42/=26 ; 4a:—S?/ —18 = 0, 

3. 3a;+ 72/= 93 and 3a: —7?/=64 
Normal 7x —3^=43 and 7x+32/=55. 

4. 5a:+122/+39=0. 5. 4a:-f 32/±5/85 = 0. 

7. 5a:+122/-32=0 and 5a:-12^-152=0. 

8. No. 9. a cos2 a+6 sin^a + ^a^+fi^ sin^a 

10. (i) 3a:—42/=0 ; 3a:—4?/+10=0 
(ii) 4a:+3j/=lo ; 4 .t+32/=5. 
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1 . (± 


^/13 


Exercises V fC) (Page 11) 


( 


1 


5 


3.( 


12 


16^^ 


; 


4. 

6 . 

7. 


{mh — k 

X 




^ ; A 

’ 5 J \/ 5 ~ \ 5 b j 

(l + m^) 5. 2x-\-y^\0>J5 

= 0. 


-=0 




11 




— aH — 


a^m 


n 


n 


8. p= \ {jp cosa, p sin «) 9. 


45 


10 . (i) g=±^Jc 


13. 

15. 


(n) /■=-LVc. 
(-1, -1) 14 


12 . 

2/=±5, 


y 

y 



7^ \/ -!-10. 


—4r.r±4cy+c2=0. 


Exercises V (D) (Page 82) 


1 

2 


(i) 3x±4?/ +1.5=0 
3.r-2?/-13=0. 

(it) if-a- = hy (x‘^-a^) 

Exercises V (E) (Page 86) 


(it) x=4 ; 3 t-4?/+8=0. 

3 . (t) 2xy—k^ (x*—a*) 

(Hi) ko (ifi—a?) = 2xy. 


1 . (i) 2x—5»/-|-10=0 


2 . (i) (2. 1) 

3. 2/2+2ax-|-a2=0 


(u) 2x —7?/—9=0. 

a^cosa sina 

p ' p 


(it) 


) 


Exercises VI (A) (P^g© 02) 


1 . 

3. 

7. 



.1 (^_?,)2_4c 


2. x*-('2/^"i“4.t’——0 


5(x- + t/^)+36.r—116//—140:--0. 
x2-j-//3—X—2//=0 ; 4x—2!/+4=0. 

Exercises VI (B) (Page 97) 

3. x--r//"-l“6x—3i/=0. 


1. 3 

4. x*-|-j/®+7x-9i/-0=0. 


5 


X 



r7=0 
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6. (i) 26a;—-232/—292—0 (n) x — y=0 (Hi) 5x~3y~i~5 = 0, 

7. (?) (2, 1) (ii) radical centre is at infinity. 

8. a:2 -f- -j- 2a;+2y +1 = 0, 

Revision Exercises II (Page 98) 

1. b{x^-\-y^]~ {b^—a^)y — a^b=0^ 

r A ~~ ^-7 “I” ^ ^ 1 

7. (a;H“ 4“ f2/-[-^)^=8. 8* Circle, 

18. 24 or-56. 19. (-*1, 1). ■ 

21. The vertices of the triangle are (1, 1), ( — 2, 6)>( f, -2). 

Exercises VII (A) (Page 103) 

2. (i) i. (ii) i. 3. (0, 0) ; (4a, 4a). 4. zl::2a, 

Exercises VII (B) (Page 105) 

2. 2x+y=0 ; (8, —2) ; l\/o ; x’—22/+5 = 0 

4. (a) (—1,2); (0,2); ?y = 2, x + 2=0. 

(6) (1, —1) ; (1, 2), x=^l ; ^+4 = 0. 


3. 


5 


10 


20 . 


Exercises VII (C) (Page 119) 


1. (i)(a.2a) -j-]. (ii) (3, 


] 


1 -2 

3 ’ 3 

(in) (-3,-3). • 2. 4v'2. . 

(a) y—x=a, x+?/+a=0 ; x+y^3a, x—y=Sa. 

(b) 3a:—4*/ +12=0 ; 4.r+3//—34=0 

(c) a;-4j/+24=0 ; 4x+7/—108=0. 4. 64a;+16y+7 

a;+4y4-20=0 ; (20, —10). 6. ('I—3). 7. (t) x — y-{-3 
(ii) 3a:—2/v'3+a=0. 


2 2 
3 


{ 0^2, } • 13. (?) a^x-f-6‘^?/+a^6^=0 : 

(ii) x=0. 17. (a) 4x-f 3?/+l=0 ; 

(c) jg ^2^2a(x—a). 

y^~ky= 2a(x— h) , 



x=0 ; 

19. y^—2ax. 


0 

0 


Exercises VII (D) (Page 130) 

1. (6) x+4t/-J-6 = 0, X—8?^+24=0. 

3. («) y=bx. (b) x—ajc, 4. y=ad, 5. y={x — a) tan 2d. 
I 
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0. yi=gx^-\-2az. 7. (i) 4aa-=(x+o2). 

(ii) y2_3^2_i0a.r—3a“=0. 

8 . (a) Only one real normal x+jz—Sa. 

If,) x~jj—3a=0 (coincident) 2a;+y = 12a, 

9 . y2=a(x—3a). 10. ?/*=4ax. 11. y=(a:—o) tan &. 

Exercises VII (E) (Png® 134) 


1, 3^._y+6=0. 3. (i) (-1, -!-)• («) (3a, 4a). 

6. (1, 2) ; (4, 4). 

Exercises VII (F) (Png® 136) 

B2-A2-C , • r B^-c 

1. Latus rectum is x= 2A ’ L 2A 

Exercises VIII (A) (Png® 145) 









2 . 

4. 



' r 

vii) -025 

4.-^=! 

+ 144 




s/3 

(0 - o > 

V s'- 

(iii) 

1 

s/2’ 


(*■) s/i t 

> (0, ±^10^’ 

(ii) 

/S 2a 

a/ 3) o » 

(iaVl. 0). 

\/ i 

(Hi) . . 

", (±\/"- 

(iv) 

« 

g,- , 3 > 

(9, iVo)- 

i eccentricity 3\/2 

, (Oj ■ 

f s/ 2). 

I. +^^1 

/6’- 3 J 

(a) 

[± 

1 

V6 

■ »]■ [, 



r 1 

+4^. 




L"V6’ 

^ 3 J 
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7 


Centre is (0, 3). S', (-1, 4); equation to the 


directrix is 


10. Ze’’o 


13. 


9r 


4 


+11 

=0 

TT 

, "jr 

2 

3 

if a*: 

=6 

r® 


L 2 

» 


T* 


11 . 60°. 12 . 


TT 5ir 

'4~’ T 

b 


[ a on 

s/2’ VlJ 


1 . 

4. 

6 . 

16. 

19. 


V36 -I 

2 J' 

Exercises VIII (B) (Pe,ge 156) 

(a) 4. (b) V2. 2. (1,1). 3. i/=3a;+V¥2^. 
4a:+3y=V|. 5. _ 

4a:+2s/3j/=8s/3, 2s/3x^4i/+2=0. 


^+4=1. 17. 3x+4!/=7. 

2 1 1 . 9 . 


a 


62 


18 


a 


- 


62 


.T- ^ 


4. 


X 


a:2^1+e2)2 6^ 


1 

4 


20 . 





a:2 


21* (^) + 


a‘ 


62 


a; 

a 


0 . ( 6 ) b^x{x—h+a^y)(y^k)^0. 


Exercises VIII (C) (Page 165) 

1 . 5!/=4a:+25, 4j/=a:+13. 2. j/=a:+3, 57/=—x+O* 
4, —2xy cot 2*3: — —6^. 5. 2x7/=cci^. 

6. X*—)2=4(6 V+a V—a26 ^). 

7. ifc(x^——2 f x^^^ + 6’^x^+“ a%^), 

8. gy^-2xy^gb^. 

Exercises VIll (D) (Page 107) 

1, (i) 4x+3?/=l. {ii) 16?/—9x=5* 

r__9 12 n 

2. ii) (if). (ii) [ 20 - ^ J- 


a2 “*■ 62 
























CO-ORDINATE GEOMETRY 


210 


Revision Exercises No* IV (Pag® 1"? 1) 

1 . (i) a:2/36+!/*/16 = l. (ii) *736+2/2/18=1. 

{Hi) x^+4:y^=l. 

2. (tt) (i) * 2 ( 1 —e2 cos2a)+ 2 / 2 ( 1 —e2 sin2 a)—2e2 cos a sin a. * 
2pe- sin a. y—a^e^=0. 

Hi) 7*2 + 72/2 + 2*2/+10*-102/+7=-0. 

( 6 ) *+ 2/=0 ; (— 1 , f ). 

3. (t) e=2v'2/3 ; foci (±6^2, 0) ; directrices ; *=±27/^2; 

L. R.=2. Equations of L. R. *—±6'\/2. 

(«) e=\/15ji ; foci (0+5^/1514), directrices : y=±20j-\/15 ; 

L. R.=5/8. Equations of L. R. y=di^\/ 15/4. 

{Hi) e=^lj4: ; foci (0, ±v/'') ’> directrices : 2/=±l®/V5. 

L. R.=|. Equations of L. R. 2/ = iV1- 

8. Tangent e.r+ 2 /—® ’> Normal : *a+ae 2 /+e{^>^— 

Tangent : e*+2/+a=0, Normal ; a*±a(2/T&2_2a)e=0, 




64*±27V32/=28S1. iO. x-+y^=a'‘+b^-. 
r +a2 ±62 1 r +a2 

|Va 2 + 62 ’ Va 2 + 62 j’ ^ \/a^+b^i 





a 


cos 01 cos 00 






sin 01 sin 02 




17. hx—ay cot a. 

22. (t) '^*±i>2/=V®H®-^HZ>7 

Exercises X (A) (Page 182) 

1. 65*2-302/2=441. 2. *2-2/2=8. 3. 4*2—2/2=4. 

















ANSWERS 


4 . 6 ; 4 ; j \/ V j 2f. 5. 2 , 



Exercise X (B) (Page 186) 

1. Tangents 2x—y^4: and 2x + y+4:=0 
Normals x-\‘2y —7 = 0 and x —2yd-7=0. 

2. (4, 2); (—4, —2) ; 4>/5. 3. y = 3.r± 

4 . ^ y ~\‘ 4 . x -\-1 = 0 « 
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